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Abstract—In this paper, we analyze the identifiability of spa-
tially oversampled uniform linear arrays (ULAs) under practical
constraints including finite snapshots, noise, and mutual coupling.
For a fixed aperture, spatial oversampling increases the number
of sensors and thus the degrees-of-freedom compared with integer
ULAs. We show that the eigenvalues of the sample covariance
matrix deviate from those of the true covariance matrix, with the
smallest eigenvalue consistently underestimated and converging
to the true value only as the number of snapshots increases. As-
suming an equal number of sources and sensors, we examine how
the smallest eigenvalue of the estimated sample covariance matrix
behaves relative to the noise power, comparing scenarios with and
without mutual coupling for both integer and oversampled ULAs.
To examine the role of mutual coupling, we extend the existing
mutual coupling model developed for integer arrays to a general
distance-aware model suitable for oversampled ULAs. Simulation
results demonstrate that oversampled ULAs are highly sensitive
to mutual coupling, requiring a higher signal-to-noise ratio to
retain identifiability.

Keywords: Oversampled uniform linear array, mutual cou-
pling, covariance estimation, identifiability, smallest eigen-
value.

I. INTRODUCTION

Estimating the direction of arrival (DOA) of signals using
sensor arrays is a fundamental problem in array signal pro-
cessing and has been extensively studied over several decades
[1, 2]. Uniform linear arrays (ULAs) are widely used in array
processing due to their simple structure and well-characterized
performance. For an N -element ULA with half-wavelength
inter-element spacing, it is well established that the array
provides N − 1 degrees-of-freedom (DOFs), which determine
its ability to resolve distinct sources. To extend this limit,
various array geometries and processing techniques have been
proposed, including sparse arrays [3–9] and multi-frequency
extensions [10–12] that increase the spatial DOFs exploiting
time and frequency resources. It is important to note that these
designs, whether ULAs, sparse arrays, or multi-frequency
extensions, are generally based on the assumption of half
wavelength unit spacing.

More recently, researchers have explored array structures
that relax the conventional half-wavelength spacing assump-
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tion. Non-integer and rational arrays, for example, adjust
sensor positions or exploit rational frequency relationships
to improve resolvability [13–19]. Oversampled ULAs address
this challenge by increasing sensor density within a fixed
aperture, thereby reducing inter-element spacing. These studies
provide valuable insights into increasing the nominal number
of DOFs and improving identifiability within a limited array
aperture by adjusting the inter-element spacing. However,
most existing reports rely on idealized assumptions, and their
robustness under practical conditions remains unclear.

In practice, array performance is affected by noise, limited
number of snapshots, and mutual coupling between closely
spaced sensors. These factors distort the sample covariance
matrix and alter the behavior of its eigenvalues, which underlie
subspace-based DOA estimation methods. In particular, the
smallest signal-subspace eigenvalue is critical for separat-
ing the signal and noise subspaces, and its sensitivity to
perturbations directly impacts the array identifiability. While
spatial oversampling increases the nominal DOFs, the reduced
inter-element spacing also makes oversampled arrays more
susceptible to the effects of mutual coupling and finite-sample
errors.

This paper examines the identifiability of oversampled
ULAs under practical impairments. We investigate how noise,
a limited number of snapshots, and mutual coupling affect
the smallest signal-subspace eigenvalue of the sample covari-
ance matrix and its ability to separate the signal and noise
subspaces. We present analytical insights using perturbation
theory to show how a finite number of snapshots introduces
a systematic bias in the smallest signal-subspace eigenvalue,
followed by validation using simulation results. The results
highlight a clear tradeoff: While oversampled ULAs offer more
nominal DOFs than conventional arrays, they are considerably
more sensitive to practical impairments and demand higher
signal-to-noise ratios (SNR) to maintain identifiability.

Notations: We use lower-case and upper-case bold charac-
ters to denote vectors and matrices, respectively. In particular,
IN denotes the N×N identity matrix and 0 stands for a vector
or matrix of all zeros with a proper dimension. (·)T, (·)H,
and E[·] denote transpose, Hermitian, and expectation. diag(·)
forms a diagonal matrix. The (m,n)th entry of a matrix B is
given by [B]m,n. Finally, CM×N denotes the M×N complex
space.



II. SYSTEM MODEL

In this section, we develop the system model used through-
out the paper. We first present the signal model and mutual
coupling formulation for a ULA with half-wavelength inter-
element spacing in Subsection II-A. This baseline model is
then extended to spatially oversampled ULAs in Subsection
II-B, where the array aperture is kept fixed while the inter-
element spacing is compressed. Although the signal model re-
mains unchanged, the mutual coupling formulation is modified
to account for the reduced spacing.

A. Signal and Mutual Coupling Model for Integer ULAs

We start with considering an N -element ULA with inter-
element spacing d = λ/2, with λ denoting the wavelength.
ULAs with half-wavelength spacing are referred to as integer
arrays. Let L uncorrelated sources impinge on the array with
distinct DOAs θ1, θ2, · · · , θL. The steering vector of the array
corresponding to the source at direction θl is given as

a(θl) =
[
1, e−ȷ2π d

λ sin(θl), · · · , e−ȷ2π(N−1) d
λ sin(θl)

]T
. (1)

The N × 1 signal vector received by the ULA corresponding
to all L sources is expressed as

x(t) =

L∑
l=1

a(θl)sl(t) + n(t) = As(t) + n(t), (2)

where A = [a(θ1),a(θ2), · · · ,a(θL)] is the array manifold of
the ULA and s(t) = [s1(t), s2(t), · · · , sL(t)]T is the source
signal vector. Moreover, n(t) ∼ CN (0, σ2

nIN ) denotes the
additive zero-mean circularly complex white Gaussian noise
vector observed at the ULA. The covariance matrix of the
received signal vector x(t) assuming perfect statistics is given
as

Rx = E
[
x(t)xH(t)

]
= ARsA

H + σ2
nIN . (3)

In practice, where perfect statistical conditions are not met,
the sample covariance matrix is estimated using T snapshots
of the received data vector x(t) as

R̂x =
1

T

T∑
t=1

x(t)xH(t). (4)

Another important factor to be considered in practice is mu-
tual coupling between the physical sensors. Mutual coupling
distorts the received signals due to electromagnetic interactions
between antenna elements, leading to model mismatches. This
effect can be captured by introducing a coupling matrix
C ∈ CN×N , which modifies the signal model in (2) as

x(t) = CAs(t) + n(t), (5)

and the covariance matrix in (3) becomes

Rx = CARsA
HCH + σ2

nIn. (6)

For the case of ULAs, the coupling matrix C is often modeled
as a banded Toeplitz matrix, reflecting the fact that mutual
coupling depends only on the relative spacing between antenna

elements [20, 21]. Specifically, the Toeplitz structure arises
from the translational invariance of the array geometry, where
mutual coupling between two elements is determined solely
by their separation. The main diagonal of C represents the
self-response of each element and is typically considered as
unity, while the off-diagonals capture the mutual coupling
effect between neighboring sensors. Since electromagnetic
interactions are primarily confined to sensors within a fixed
physical separation, the coupling is typically modeled as
significant only within this range, thereby giving rise to an
R-banded Toeplitz structure for C with R ≤ N as

[C]m,n =


1, m = n,

cr, r = |m− n| ≤ R,

0, otherwise,

(7)

where m,n ∈ [0, 1, · · · , N − 1], and c0, c1, · · · , cR are
the coupling coefficients such that 1 = c0 > |c1| > |c2| >
· · · > |cR|. A generalized form of the coupling coefficient cr
for r = 1, 2, . . . , R can be given as

cr = c1 · f(r) · eȷϕr , (8)

where c1 represents the coupling coefficient at half-wavelength
spacing, f(r) models the coupling decay as a non-increasing
function of sensor spacing, and eȷϕr represents the coupling
phase.

In this paper, we adopt a banded mutual coupling coefficient
model as [22, 23]

cr =
1

r
c1e

−ȷ(r−1)π
8 , 1 < r ≤ R, (9)

where c1 = 0.3eȷ
π
3 . It is noted that in this model f(r) = 1/r

and ϕr = −(r − 1)π/8.

B. Mutual Coupling Model for Oversampled ULAs

To analyze the effect of compressed inter-element spac-
ing, we consider an N -element integer ULA with aperture
D = (N − 1)d as the baseline, and oversample it by a
factor of α ≥ 1 while keeping the aperture fixed. While
the oversampling factor α can be either an integer or a
fractional number, for analytical convenience, it is chosen
such that Ñ is an integer. This results in an oversampled
ULA with Ñ = α(N − 1) + 1 elements and a reduced
inter-element spacing of d̃ = d/α. Therefore, the physical
separation between two sensors indexed by m and n is given
by δm,n = |m− n|d̃ = rd/α, where r = |m− n|.

To capture the effect of spatial oversampling, the coupling
model in (9) is adjusted by scaling the coefficients to reflect
the compressed inter-element spacing, resulting in

c(α)r =
d

δm,n
c1e

−ȷ
(

δm,n
d −1

)
π
8 =

α

r
c1e

−ȷ( r
α−1)π

8 , (10)

where we used the superscript (α) to emphasize the oversam-
pling factor.



III. MINIMUM EIGENVALUE-BASED IDENTIFIABILITY
ANALYSIS

The covariance matrix Rx can be expressed through eigen-
decomposition as

Rx = UΛUH =

L∑
p=1

λpupu
H
p +

Ñ∑
q=L+1

λququ
H
q , (11)

where U = [u1,u2, · · · ,uÑ ] contains all the eigenvectors
and Λ = diag([λ1, λ2, · · · , λÑ ]) denotes the diagonal ma-
trix containing the corresponding eigenvalues. Under ideal
statistical conditions, the eigenvalues of Rx satisfy λ1 ≥
λ2 ≥ · · · ≥ λL > λL+1 = · · · = λÑ = σ2

n. However,
in practical scenarios where these ideal conditions are not
met, the estimated eigenvalues of R̂x are generally related
as λ̂1 ≥ λ̂2 ≥ · · · ≥ λ̂L ≥ λ̂L+1 ≥ · · · ≥ λ̂Ñ .

Assume that the number of sources is equal to the number
of sensors, i.e., L = Ñ , and the eigenvalues are all distinct.
The effect of limited snapshots on the eigenvalue of the
sample covariance matrix R̂x is analyzed. Denote ∆Rx as
the perturbation due to inaccurate estimation of the sample
covariance matrix R̂x using T snapshots, i.e.,

Rx = R̂x +∆Rx =
1

T

T∑
t=1

x(t)xH(t) + ∆Rx. (12)

From the matrix perturbation theorem, when T ≫ Ñ so that
the perturbation is small, the nth eigenvalue of R̂x is related
to that of Rx as [24, 25]

λ̂n = λn + uH
n∆Rxun +

∑
n̸=m

|uH
m∆Rxun|2

λn − λm
. (13)

Taking the expectation on both sides of (13) and not-
ing the fact that the eigenvalues of Rx are determinis-
tic and E [∆Rx] = 0 for small perturbations, we have
E
[
uH
n∆Rxun

]
= uH

nE [∆Rx]un = 0, yielding

E[λ̂n] = λn +
∑
n̸=m

E
[
|uH

m∆Rxun|2
]

λn − λm
. (14)

It can be shown that the estimated eigenvalue λ̂n is related to
the true eigenvalue λn as (Theorem 4 of [26])

E[λ̂n] = λn +
1

T

∑
n̸=m

λnλm

λn − λm
. (15)

Since we consider the case of L = Ñ , we observe in (15) that
for the smallest signal eigenvalue λÑ , λÑ < λm is satisfied
for any m ̸= Ñ and, as a result, the denominator of the second
term on the right-hand side of (15) is always negative. That
is, in the statistical sense, E[λ̂Ñ ] < λÑ , implying that the
expected value of the smallest estimated eigenvalue is always
smaller than the true smallest eigenvalue. As the number of
snapshots T increases, the second term at the right-hand side
of (15) becomes smaller and the estimated eigenvalue λ̂n

approaches the true eigenvalue λn.

The above analysis applies for arrays both with and without
mutual coupling, since the effect of coupling is already incor-
porated into Rx as in (6). Prior studies on mutual coupling
show that inter-element interactions reshape the covariance
eigenstructure by increasing the correlation among the array
outputs, thereby compressing the signal eigenspectrum [27–
29]. Consistent with this picture, [30] reports that, in the
presence of mutual coupling, the smallest signal eigenvalue
is pulled toward the noise floor, particularly at tighter inter-
element spacings, thereby shrinking the eigen-gap between the
signal and noise subspace. A smaller gap degrades subspace
stability and weakens identifiability under finite snapshots,
increasing the likelihood of subspace leakage. In practice,
this leads to slower convergence of eigenspace estimates
and reduced robustness of subspace-based DOA estimation
methods due to mutual coupling.

The smallest eigenvalue plays a crucial role in DOA esti-
mation as it governs the separation between the signal and
noise subspaces. When L = Ñ and the smallest (signal)
eigenvalue λL approaches the noise power σ2

n, the signal
subspace eigenvalue leaks into the noise subspace, making
the corresponding source undetectable. As this gap narrows,
subspace separation becomes more difficult, especially with
a limited number of snapshots, where downward bias of
λL further increases subspace leakage and estimation errors.
Hence, the smallest eigenvalue reflects both the theoretical
identifiability limit and the practical resolution capability of
the array.

IV. SIMULATION RESULTS

In this section, we present simulation results to examine the
effects of a finite number of snapshots, noise, and mutual cou-
pling on the identifiability of oversampled ULAs. We analyze
the variation of the smallest signal subspace eigenvalues of the
sample covariance matrix R̂x with varying input SNR levels
and snapshot counts. We also verify our findings using DOA
estimation results. In our simulations, we adopt a coupling
radius of R = 3λ, meaning that only sensors within three
wavelength (six half-wavelength) spacing are considered to
be coupled.

Fig. 1 shows the eigenvalue behavior of the sample covari-
ance matrix R̂x as a function of input SNR for T = 100, 300
and 700 snapshots without considering the effects of mutual
coupling. An N = 10 element integer ULA with aperture
D = 9 half-wavelengths is considered as a baseline. In Fig.
1(a), the minimum eigenvalue is plotted for the integer ULA
with L = 10 sources. Fig. 1(b) reports the smallest signal
subspace eigenvalue of the oversampled ULA (α = 2) with
L = 10 sources. Finally, in Fig. 1(c) the minimum eigenvalue
is shown for the oversampled ULA with L = 19 sources. In
all scenarios considered in Fig. 1, the sources are uniformly
distributed within [−60◦, 60◦]. The noise power is normalized
to unity and the signal power is adjusted according to the
input SNR. To account for statistical fluctuations, the smallest
eigenvalues are computed over 100 independent Monte Carlo
trials. The solid lines show the average across trials, while the



(a) α = 1, L = 10 (b) α = 2, L = 10 (c) α = 2, L = 19

Fig. 1: Behavior of eigenvalues of R̂x versus input SNR for different snapshot counts without mutual coupling. Each subfigure
shows the minimum or Lth eigenvalue of R̂x for different oversampling factors and signal configurations. 10-element integer
ULA with α = 1 and 19-element oversampled ULA with α = 2 are considered.

(a) α = 1, L = 10 (b) α = 2, L = 10 (c) α = 2, L = 19

Fig. 2: Behavior of eigenvalues of R̂x versus input SNR for different snapshot counts with mutual coupling. Each subfigure
shows the minimum or Lth eigenvalue of R̂x for different oversampling factors and signal configurations. 10-element integer
ULA with α = 1 and 19-element oversampled ULA with α = 2 are considered.

shaded regions represent the spread (minimum to maximum),
capturing variability due to finite-sample randomness.

In Fig. 1(a), corresponding to the integer ULA (α = 1), the
smallest eigenvalue remains above the noise floor only when
the input SNR exceeds approximately −10 dB for T = 100.
As the number of snapshots increases to T = 300 and T =
700, the eigenvalue stays consistently above the noise level at
lower input SNR levels. It can be seen that for T = 300 the
minimum eigenvalue is above the noise level for input SNR of
−14 dB or higher, and for T = 700 the minimum input SNR
requirement reduces to approximately −16 dB. This indicates
that larger sample support stabilizes the covariance estimates
and improves subspace separation.

In Fig. 1(b), for the oversampled ULA (α = 2) with
L = 10 sources, the required input SNR threshold reduces.
For T = 100, the minimum signal subspace (or equivalently
the Lth) eigenvalue exceeds the noise level when the input
SNR is approximately above −12 dB, indicating that the
eigenvalue is above the noise level for even smaller input
SNR values since we have a larger number of sensors due to
spatial oversampling. Similarly, the minimum SNR threshold
at T = 300 and T = 700 decreases approximately to −16 dB
and −18 dB, respectively. However, it is interesting to note
that, in Fig. 1(c), for the oversampled ULA with L = 19

sources, the smallest eigenvalue is above the noise level for
much higher input SNR values. The input SNR thresholds for
T = 100, 300, and 700 cases are −5 dB, −10 dB, and −12
dB, respectively. Therefore, for a given number of sources, the
smallest signal subspace eigenvalue remains above the noise
level at much lower input SNRs for the oversampled ULA
compared to the integer ULA. Moreover, with sufficiently high
input SNR, the oversampled ULA can resolve significantly
more sources than an integer ULA counterpart with a same
aperture.

In Fig. 2, we included mutual coupling and the other setup
is identical to that considered in Fig. 1. From Fig. 2(a), we
see that the required input SNR thresholds increases compared
to the thresholds shown in Fig. 1(a), since mutual coupling
narrows the signal eigenspectrum and pushes the smallest
eigenvalue toward the noise floor. Similar results are observed
in Fig. 2(b), where the required minimum input SNR also
becomes higher compared to that seen in Fig. 1(b). It is
noted that the effect of mutual coupling is more severe in the
oversampled ULA as the inter-element spacing is compressed,
and the effect is more profound in the presence of a high
number of sources. It can be seen in Fig. 2(c) for the L = 19
source case that the input SNR thresholds for T = 100, 300,
and 700 cases become 3 dB, 0 dB, and −5 dB, respectively.



(a) α = 1, L = 10, no coupling (b) α = 2, L = 19, no coupling (c) α = 1, L = 10, with coupling (d) α = 2, L = 19, with coupling

Fig. 3: Smallest eigenvalue of R̂x versus number of snapshots (T ) for different input SNR levels, comparing cases with and
without mutual coupling. 10-element integer ULA with α = 1 and 19-element oversampled ULA with α = 2 are considered.

(a) α = 1, no coupling: all 9 DOAs
resolved

(b) α = 2, no coupling: all 18 DOAs
resolved

(c) α = 1, with coupling: all 9 DOAs
resolved

(d) α = 2, with coupling: all 18
DOAs not resolved

Fig. 4: MUSIC spectra illustrating the impact of oversampling and mutual coupling. 10-element integer ULA with α = 1 and
19-element oversampled ULA with α = 2 are considered.

Therefore, in comparison with Fig. 1(c), a much higher input
SNR is needed in the presence of mutual coupling for the
minimum eigenvalue to remain above the noise level. Provided
a sufficient number of snapshots and higher signal power
are available, the oversapled ULA can still resolve a higher
number of sources compared to the integer ULA.

In Fig. 3, we examine the variation of the smallest eigen-
value of the sample covariance matrix R̂x as a function of the
number of snapshots for different SNR values. From Fig. 3(a)
we see that for the integer ULA, the smallest eigenvalue of R̂x

remains above the noise level at SNR values of −5 and −10
dB even when the number of snapshots is small. But when
SNR is equal to −15 dB, the minimum eigenvalue exceeds
the noise level when T = 600 or larger. But in the presence
of mutual coupling for the integer ULA, we see from Fig. 3(c)
that, for the smallest eigenvalue to be above the noise level, we
need a higher snapshot count of T = 850 or larger. However,
from Fig. 3(b) and Fig. 3(d), we see that the impact of mutual
coupling is far more severe in the oversampled ULA, where a
much larger number of snapshots is needed to maintain the
eigenvalue above the noise level at a given SNR. For the
oversampled ULA with no mutual coupling, we can see that
the smallest eigenvalue is consistently below the noise level
for an input SNR of −15 dB. However, at an input SNR of
−10 dB, we can see that the smallest eigenvalue exceeds the
noise level for approximately T = 400 or larger. Comparing
to the case with mutual coupling in Fig. 3(d), we see that in
order to retain the minimum eigenvalue above the noise level,
we need an input SNR of −5 dB, and sample support of at
least T = 500. These results are consistent with Fig. 1 and Fig.

2 and show that, although oversampling increases the nominal
degrees of freedom, it also makes the array more susceptible
to degradation due to mutual coupling, which in turn reduces
robustness at low SNR levels.

Fig. 4 presents the MUSIC spectra to examine how over-
sampling and mutual coupling affect DOA identifiability. The
number of sources is set to one less than the number of
sensors, with source directions uniformly distributed within
[−60◦, 60◦], using T = 300 snapshots and an SNR of 0 dB.
As shown in Fig. 4(a), the integer ULA successfully resolves
all 9 sources when no mutual coupling is considered. Fig. 4(b)
illustrates that by increasing the oversampling factor to α = 2,
the number of virtual sensors increases to Ñ = 19 within
the same physical aperture, which allows resolution of all 18
sources with no mutual coupling. When mutual coupling is
introduced, the performance difference between the two array
configurations becomes more apparent. As seen in Fig. 4(c),
the integer ULA still retains its ability to resolve all 9 sources
despite the presence of coupling. In contrast, the oversampled
array shown in Fig. 4(d) suffers from severe performance
degradation, failing to resolve all 18 sources due to the
increased sensitivity to mutual coupling. This performance
degradation is attributed to the reduced inter-element spacing
inherent in oversampled designs, which amplifies the effects of
mutual coupling. Overall, while spatial oversampling enables
higher nominal degrees of freedom and finer angular resolu-
tion, it also makes the array more vulnerable to distortions
arising from mutual coupling and noise, particularly in dense
array configurations.



V. CONCLUSION

This paper examined the identifiability of oversampled
ULAs under practical constraints of finite snapshots, noise,
and mutual coupling. By focusing on the behavior of the
smallest eigenvalue of the sample covariance matrix, we
highlighted how sample support and SNR jointly determine
identifiability. With more snapshots, the estimated smallest
eigenvalue reliably stays above the noise level even at low
SNRs, while with fewer snapshots, stronger signals are needed
to ensure identifiability. We also provide the relationship
between the eigenvalues of the true covariance matrix and its
estimate, showing that the smallest eigenvalue is systemati-
cally underestimated and converges to its true value as the
number of snapshots increases. A distance-aware coupling
model is proposed to assess the effect of mutual coupling
in oversampled arrays. The results revealed that oversampled
ULAs are more vulnerable to mutual coupling compared to
integer ULAs, requiring stronger SNR conditions to preserve
identifiability.
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