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Abstract—In this paper, we examine the Doppler signatures
of local-multipath signals in over-the-horizon radar for a target
that moves with a constant horizontal velocity but experiences
altitude perturbation. In practice, the target altitude may deviate
from its scheduled altitude due to, e.g., flight dynamics. After
describing the Doppler signatures for a target that maintains
a constant altitude without perturbation, we develop the mathematical framework for target Doppler signature analysis that
includes target altitude perturbations. It is observed that altitude
variations result in spreading of Doppler frequencies, and the
bias is associated with the average target altitude. It is observed
that, for mild target altitude perturbations, existing analysis
methods remain effective for local-multipath Doppler frequency
estimation. The Doppler frequency estimation capability and
performance are verified using simulation results.
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I.

I NTRODUCTION

Sky-wave over-the-horizon radar (OTHR) systems provide
early warning capability by enabling long-range surveillance
of targets that are far beyond the limit of the earth horizon [1–
5]. These systems monitor non-line-of-sight targets by exploiting the ionospheric reflections of narrowband signals whose
bandwidth is determined based on the ionospheric conditions.
This fact makes accurate target geo-location, particularly the
estimation of target altitude, very challenging.
Considerable efforts have been invested to estimate the
target parameters in OTHR [6–8]. An important parameter
for target recognition and classification is target altitude, and
significant attention has been dedicated to achieve this goal [9–
13]. In this context, altitude estimation using a matched-field
approach was presented in [9] by exploiting multiple OTHR
dwells and the altitude-dependent structure of the micromultipath rays resulting from reflections local to the target.
This approach was further extended in [10] to estimate the
altitude rate of the target by investigating the effects of constant
altitude rate on the micro-multipath Doppler frequencies. A
state-space model-based generalized altitude estimation was
presented in [11] where the effect of random ionospheric and
target motion, which degrades the dwell-to-dwell predictability
of target returns, was also considered. A study related to
the experimental validation of target altitude estimation by
exploiting multipath propagation model was reported in [12].
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Contrary to the aforementioned approaches, instantaneous
target altitude estimation by employing non-stationary signal
analysis of the time-varying multipath Doppler signature was
considered in [13], where the initial state of target parameters
was obtained using the maximum a-posteriori criterion. It
was observed that the Doppler difference of the received
multipath signals can be exploited to estimate target altitude.
However, due to the proximity of the Doppler components in
the spectral domain, achieving improved Doppler frequency
resolution remained a challenging problem in order to achieve
effective target altitude estimation [14–18]. Doppler analysis
was recently considered for enhanced altitude estimation in the
presence of ionospheric layer motion when target maintains a
constant altitude [19]. In addition, the existence of both ordinary and extraordinary modes of ionospheric propagation leads
to an increased number of Doppler frequency components to
be resolved [20, 21].
In practice, air targets experience altitude perturbations due
to flight dynamics and the external atmospheric environment
[22, 23]. As a result, multipath Doppler signatures of a target
deviate from the signal model originally developed for targets
without such altitude perturbation. In this paper, we investigate
the effect of such target altitude perturbation on the resulting
Doppler signatures. We provide mathematical formulations
which quantify the Doppler frequency estimation error due
to target perturbations. It is observed that the target altitude
perturbation results in Doppler signature spreading but does
not affect the average Doppler component and has a limited
impact on the difference Doppler component. Further it is
seen that, for a scenario with mild target altitude perturbations,
existing methods remain effective for local-multipath Doppler
frequency estimation. The Doppler frequency estimation capability and performance of the proposed methods are verified
using simulation results.
II.

S IGNAL M ODEL

A. Multipath Propagation Geometry
Consider a target that flies with a constant horizontal velocity either towards or away from an OTHR system operating
in a pseudo-monostatic mode. The propagation paths in a
simplified flat-earth setting are shown in Fig. 1, where the
targets and propagation paths below the ionosphere layer are
physically present, whereas those above the ionosphere layer
are their images due to ionosphere and ground reflections
and are included for convenience of slant-range computations.
In Fig. 1, H is the height of the ionosphere layer which is
assumed constant and its coarse estimate is available from
ionosonde monitoring. In addition, the time-varying aspect

The Doppler signatures corresponding to the three round-trip
paths can be expressed as:
fc dLi
fD,i = −
,
i = 1, 2, 3,
(4)
c dt
where fc denotes the carrier frequency of the OTHR signal
and c is the velocity of the electromagnetic wave.
III.

TARGET D OPPLER C HARACTERISTICS

In this section, we investigate the local-multipath Doppler
frequencies of a target and the effect of target altitude perturbation. For this purpose, we first consider that the target
is moving at a constant altitude h, and the effect of target
altitude perturbation on the resulting Doppler signatures is then
examined.
Fig. 1: Flat-earth local-multipath propagation model of OTHR.

of target ground range with respect to the radar antennas is
denoted by R(t), and h(t) denotes the target altitude. For
notational convenience, the explicit notation (t) is omitted
when describing time-varying target ground range and altitude,
as well as the associated Doppler frequencies.
The OTHR signals reflected by the target and received at
the OTHR radar receivers follow multiple round-trip paths due
to their reflections from the ionosphere and the earth surface.
As illustrated in Fig. 1, the specular earth and ionosphere
reflections result in two different propagation paths for each of
the transmit and receive OTHR signals, yielding three distinct
round-trip paths. For the first round-trip path, both transmit
and receive OTHR signals propagate along Path I, denoted as
[l1 , l1 ]. Similarly, for the second round-trip path [l2 , l2 ] follows
Path II for both ways. The third round-trip path uses different
forward and return paths, i.e., [l1 , l2 ] and [l2 , l1 ].
From Fig. 1, we can calculate the one-way slant ranges l1
and l2 of Path I and Path II in terms of the ionosphere height
H, target ground range R, and target altitude h, as [8]:
1

1
4H 2 + h2 − 4Hh 2
,
l1 = R2 + (2H − h)2 2 = R 1 +
R2
(1a)

 12
2
2
1
4H + h + 4Hh
l2 = R2 + (2H + h)2 2 = R 1 +
.
R2
(1b)
In order to gain insightful observations of the relationship
between the Doppler frequencies and the target motion, we
exploit the first-order Taylor series expansion on Eq. (1). Under
the commonly satisfied assumption R  H  h, we obtain
the following simplified expressions of one-way slant ranges:
l1 ≈ R +

2H 2 − 2Hh
,
R

l2 ≈ R +

2H 2 + 2Hh
.
R

(2)

B. Multipath Doppler Signatures
The slant ranges of the three round-trip paths (path I:
[l1 , l1 ], path II: [l2 , l2 ], and path III: [l1 , l2 ] or [l2 , l1 ]) can
be respectively represented as:
L1 = 2l1 ,

L2 = 2l2 ,

L3 = l1 + l2 .

(3)

A. Target with a Constant Altitude
A target with a constant altitude is characterized by ḣ =
dh/dt = 0. In this case, using the approximations in Eq. (2),
the derivatives of one-way slant ranges are expressed as:
dl1
2H Ṙ
dl2
2H Ṙ
≈ Ṙ −
(H − h) ,
≈ Ṙ −
(H + h) . (5)
dt
R2
dt
R2
Note that the target velocity Ṙ takes a positive value when the
target ground range increases with time.
Using Eq. (4), we can find the Doppler frequencies due to
the three round-trip paths as follows:
fD,1 = f¯D + ∆fD , fD,2 = f¯D − ∆fD , fD,3 = f¯D , (6)
where
fc d(l1 + l2 )
2fc
4fc H 2
f¯D = −
≈−
Ṙ +
Ṙ,
c
dt
c
cR2
4fc h
fc d(l1 − l2 )
≈
H Ṙ.
∆fD = −
c
dt
cR2

(7a)
(7b)

From the above equation, it is clear that the Doppler
signatures for round-trip paths I and II are symmetric and
wrap around the Doppler signature of round-trip path III. The
average Doppler component, f¯D , is shared by all three roundtrip paths, whereas the small frequency difference between
the Doppler signatures corresponding to different paths is
characterized by ∆fD .
B. Target with Altitude Perturbations
When a target, which maintains constant altitude during the
flight experiences altitude perturbations, the derivative of the
target altitude ḣ deviates from zero. In this case, the derivatives
of one-way slant ranges become:

dl1
2H 2
2H 
≈ Ṙ − 2 Ṙ − 2 Rḣ − Ṙh ,
(8a)
dt
R
R


2H 2
dl2
2H
≈ Ṙ − 2 Ṙ + 2 Rḣ − Ṙh .
(8b)
dt
R
R
The corresponding instantaneous Doppler frequencies corresponding to the three round-trip paths are expressed in Eq. (6)
with f¯D and ∆fD are now given as:
2fc
4fc H 2
fc d(l1 + l2 )
≈−
Ṙ +
Ṙ,
f¯D = −
c
dt
c
cR2


fc d(l1 − l2 )
4fc H
≈
Ṙh − Rḣ .
∆fD = −
c
dt
cR2

(9a)
(9b)
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Notation
R
H
h
Ṙ
fc
fs
SNR
T

Value
2,500 km
350 km
20 km
−500 m/sec
16 MHz
140 Hz
−15 dB
80 s

By comparing Eqs. (7) and (9), we see that the perturbation
in the target altitude only changes the difference Doppler
component ∆fD . If the target altitude perturbation is relatively
small, the instantaneous vertical velocity of the target will
introduce a bias in the difference Doppler component given
by Eqs. (7b) and (9b) as:
e(∆fD ) ≈

4fc H
ḣ.
cR

(10)

Fig. 2 illustrates the variation in ∆fD with respect to the
perturbation in target altitude h for the parameters listed in
Table I. It is observed that, for a small variation in the target
altitude, the corresponding Doppler frequencies do not change
drastically. For an altitude variation of 0.5 m/sec, the bias in the
resulting difference Doppler components, assuming constant
altitude, is approximately 0.0045 Hz, which is about 3.8% of
the actual value of ∆fD .
Note that the perturbation ḣ varies with time and, therefore,
the corresponding perturbation in ∆fD will also vary with
time, resulting in the spreading of Doppler frequencies in the
spectral domain. Fractional Fourier transform (FrFT)-based
methods, described in Section IV, can be used to estimate
the Doppler signatures if ḣ is small such that it does not
result in substantial Doppler spreading. Moreover, if E[ḣ] = 0
during the coherent processing interval, where E[·] denotes the
expectation operator, E [e(∆fD )] is unbiased.

D

be well characterized as three parallel chirps (also known as
linear frequency modulated signals) with a small chirp rate f¯˙D .
The received signal at the OTHR is expressed as:
RT
0

+ A3 ej (2π

(f¯D +∆fD )dt+φ1 )
RT
0

f¯D dt+φ3 )

+A2 e

j (2π

RT
0

0.4

0.8
1.2
(m/sec)

1.6

2

Fig. 2: Instantaneous variation in ∆fD with respect to perturbation in target altitude.
phase, and n(t) is the additive white Gaussian noise, assumed
to be circularly complex independent with zero-mean.
The spectrogram of the received signal x(t), which is
defined as the magnitude square of the short-time Fourier
transform, is expressed as
Z

2

∞

S(t, f ) =

|x(u)|2 g(t − u) exp(−j2πf u)du ,

(13)

−∞

where g(t) is a window function.
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(a) Stable target altitude

8fc Hh 2
8fc H 2 2
Ṙ , ∆f˙D ≈ −
Ṙ .
(11)
f¯˙D ≈ −
c R3
c R3
Since h  H  R, ∆f˙D can be approximated as 0. Moreover,
f¯˙ is a constant. Therefore, the three Doppler signatures can

x(t) =A1 e

0

D OPPLER S IGNATURE A NALYSIS

Assuming a constant ionosphere altitude H and utilizing
the fact that ḣ  Ṙ, we can deduce from Eq. (7) that f¯˙D and
∆f˙D are constant with respect to time, given by

j (2π

10-3

(f¯D −∆fD )dt+φ2 )

+ n(t),
(12)

where Ai denotes the respective signal amplitudes for the ith
chirp signal for i = 1, 2, 3, φi is the corresponding initial

51.5
Doppler frequency (Hz)

IV.
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Doppler frequency (Hz)

Parameter
Initial range
Ionosphere height
Target altitude
Target velocity (horizontal)
Carrier frequency
Pulse repetition frequency
Signal-to-noise ratio
Coherent processing interval

(Hz)

TABLE I: Key Parameters (unless otherwise specified)
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(b) Perturbed target altitude, h = 20 × 103 +
3 sin(0.05πt) m

Fig. 3: Comparison of Doppler signatures for stable and
perturbed target altitude.
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Fig. 4: Spectrograms of Doppler signatures for stable and
perturbed target altitude.

Fig. 5: FrFT of Doppler signatures for stable and perturbed
target altitude.

Since the received signals are regarded as three parallel
chirps, several strategies developed for chirp parameter estimation can be exploited to determine the chirp parameters.
For instance, we can use FrFT to estimate the chirp rate and
frequency separation of the Doppler components. The α-angle
FrFT of the signal x(t), denoted by Xα (u), is expressed as
[24]:
Z ∞
Xα (u) =
x(t)Kα (t, u)dt,
(14)

where µ̂ is the estimated chirp rate of the three Doppler
components, fs is the pulse repetition frequency of OTHR,
N = fs T is the number of time samples used for calculating
the FrFT, and T is the coherent processing interval.
The actual centroid frequency fcenter of the chirp signal
corresponding to its peak fractional domain frequency ffrft
can be found as [24]:

−∞

fcenter =

where
r
2


 1 − jcot (φ) ej u2 cot(φ)


2π

t2
Kα (t, u) =
×ej 2 cot(φ) e−ju csc(φ) ,



δ(t − u),



δ(t + u),

φ 6= kπ,
φ = 2kπ,
φ + π = 2kπ,

k is a non-negative integer, u is the angular fractional frequency, and φ = απ/2. Once an optimal rotation angle
αopt , which aligns the three chirps in the fractional Fourier
domain, is estimated, we can determine the chirp rate using
the following equation [24]:

π  fs2
,
(15)
µ̂ = − cot αopt
2 N

ffrft
,
sin(αopt π/2)

(16)

where ffrft = upeak fs /π and upeak is the estimated peak
angular frequency of the individual chirp in the fractional
domain.
V.

S IMULATION R ESULTS

In the simulations, we compare the Doppler frequencies
of the received OTHR signals for constant target altitude
with those in the presence of target altitude perturbation.
For this purpose, the effect of both the maximum target
altitude perturbation as well as the perturbation rate on the
resulting Doppler signatures is investigated. We consider a
target travelling at an altitude of 20 km at the initial range
of 2,500 km. The ionosphere height is assumed to be 350 km.
The OTHR is operating at a carrier frequency of 16 MHz with
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Fig. 6: Doppler signature analysis of multipath signals for high
target altitude perturbation (h = 20 × 103 + 3 sin(0.2πt) m).

Fig. 7: Doppler signature analysis of multipath signals for high
target altitude perturbation (h = 20 × 103 + 7 sin(0.05πt) m).

a pulse repetition frequency of 140 Hz. The input signal-tonoise ratio (SNR) for each Doppler component is assumed
to be the same and equal to −15 dB. The complete set of
parameters is illustrated in Table I unless otherwise specified.
As a baseline for comparison, Fig. 3(a) shows the target
Doppler signatures without altitude perturbation. Now, we
assume an altitude perturbation model of h = 20 × 103 +
3 sin(0.05πt) m which accounts for a maximum change of 6
m in target altitude throughout the radar coherent processing
interval. The corresponding Doppler signatures are depicted

in Fig. 3(b). Note that the target elevation velocity ḣ and
the Doppler perturbation are functions of both the maximum
altitude perturbation and the perturbation rate. The corresponding spectrograms for both cases of stable and perturbed target
altitudes are shown in Fig. 4. We observe that a benign change
of ±3 m in the target altitude does not significantly deviate the
Doppler frequency signature of the three multipath components
from chirp structures, but the amplitudes of the fD,1 and
fD,2 components are slightly reduced due to the frequency
spreading in those Doppler components. The FrFT results for

both cases of stable and perturbed target altitudes are shown in
Fig. 5. We observe that the estimation of αopt is comparatively
challenging for the case of altitude perturbation as the ratio
between the mainlobe peak of α to its sidelobe amplitude
becomes smaller for this case compared to the stable altitude
case. On the other hand, Doppler frequency estimation has no
significant effect.
Next, we increase the frequency of target altitude perturbation and investigate its impact on the resulting Doppler
signatures. Fig. 6 shows the results for high-frequency target
altitude perturbation of h = 20×103 +3 sin(0.2πt) m, i.e., the
perturbation radian frequency is increased from 0.05π to 0.2π,
whereas the range of amplitude perturbation is kept unchanged
at ±3 m. It is observed that the frequency of perturbation
does not have a significant effect on the Doppler frequency
estimation for mild altitude perturbation.
In the last simulation, we investigate the effect of highamplitude altitude perturbation on the three Doppler signatures.
For this purpose, we increase the altitude perturbation range
from ±3 m to ±7 m such that h = 20×103 +7 sin(0.05πt) m.
In this case, Fig. 7(a) shows the actual Doppler signatures of
the three multipath components and Fig. 7(b) shows the corresponding spectrogram of the received signal. It is observed that
the spectrogram of the three Doppler signatures significantly
deviates from the spectrogram of the three parallel chirps. Fig.
7(c) shows the FrFT of the corresponding Doppler signatures.
It is observed that, due to the large altitude perturbation, it
becomes difficult to confidently estimate the chirp rate and
the Doppler signatures corresponding to the three multipath
signals.
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C ONCLUSION

In this paper, we have analyzed the Doppler frequencies of
target signals in OTHR when the target experiences altitude
perturbations. It is observed that the altitude variation spreads
the Doppler signatures in the spectral domain. This potentially
leads to difficulty in frequency or chirp rate estimation due
to basis mismatch. However, for small target altitude perturbations, this mismatch remains insignificant and Doppler
frequency estimation is still possible without a significant error.
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