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Abstract
In this paper, we propose direction-of-arrival (DOA) estimation techniques, respectively based on
covariance matrix reconstruction and matrix completion, to achieve robust DOA estimation capability
in nonuniform noise environments using coprime arrays. For the covariance matrix reconstruction-based
approach, by exploring the diagonal structure of the covariance matrix of the noise, the covariance
matrix of the received signal vector is reconstructed through averaging its diagonal elements. Moreover,
in order to handle more sources than the number of sensors, the difference coarray of coprime arrays is
utilized through the vectorization of the reconstructed covariance matrix. A compressive sensing (CS)
based DOA estimator is then formulated to provide sparsity-based DOA estimation. For the matrix
completion-based approach, we take the full advantage of the difference coarray lags and obtain the
noise-free covariance matrix of the virtual uniform linear array by using the matrix completion technique
to recover the removed diagonal elements and missing holes in the virtual array covariance matrix. Then
CS-based and MUSIC-based DOA estimators are respectively designed to perform DOA estimation using
the estimated noise-free covariance matrix. Simulation results verify the effectiveness of the proposed
algorithms.
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I. I NTRODUCTION
Direction-of-arrival (DOA) estimation is a vital task in array signal processing and is widely
used in various applications, such as radar, biomedical imaging, remote sensing, and radio astronomy [1–3]. In the past decades, various DOA estimation methods, such as MUSIC [4], ESPRIT
[5] and compressive sensing (CS) [6] [7], were developed to obtain a high-accuracy performance.
Most of the existing DOA estimation techniques are developed under the assumption that the
noise is uniform, that is, the noise power is the same at each sensors. However, in some practical
situations, the noise may become nonuniform, yielding an arbitrary diagonal noise covariance
matrix. In this case, the performance of DOA estimator will degrade. For example, for subspacebased DOA estimation methods, such as MUSIC and ESPRIT, eigen-decomposition of the data
covariance matrix does not lead to correct signal and noise subspace estimation. Similarly,
for CS-based DOA estimation methods, it becomes difficult to accurately recover the direction
information.
So far, a number of methods have been developed in the literature to provide robust DOA
estimation in the presence of nonuniform noise [8–19]. In [9], for example, the covariance
matrix of nonuniform noise is first estimated from the array covariance matrix, and highperformance DOA estimation is achieved after pre-whitening the data. However, it requires the
number of sensors to be at least three times higher than the number of source. Two maximum
likelihood (ML)-based DOA estimators are derived in [10] [11], which use an iterative manner
to estimate the signal DOAs and noise parameter. These methods suffer a high computational
load. Two subspace estimation-based methods are proposed in [16] to estimate the signal and
noise subspaces. However, they require an iterative procedure and thus are time-consuming.
After setting diagonal elements of the covariance matrix to be a same value, the signal and
noise subspaces can be directly estimated through eigen-decomposition [17]. By using the
matrix completion technique, an iteration-free method developed in [18] can offer satisfactory
performance. However, the number of resolvable sources is less than the number of sensors.
On the other hand, to achieve a higher number of degrees-of-freedom (DOFs) than the
number of physical sensors, a number of sparse linear arrays have been developed. For a given
number of physical sensors, the minimal redundancy arrays (MRA) yields a maximum number
of consecutive virtual arrays [20]. However, the MRA does not have a closed-form expression
about its physical array locations and the achievable number of DOFs. Recently, the nested array
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[21] and the coprime array [22] are developed as alternative sparse array designs that permit
systematical design with known sensor positions and analytical expression for the achievable
number of unique and consecutive lags [23]. Both nested and coprime arrays consist of two
uniform linear subarrays. For the nested array, one of the subarrays has a half-wavelength
spacing, and all the virtual sensors in the resulting difference coarray are always consecutive.
A nested array detects O(N 2 ) sources with O(N ) physical sensors. Compared with the nested
array configure, the interelement spacing of the two subarrays used in a coprime array have
a coprime relationship. A coprime array is more flexible in achieving a large array aperture
and reducing the mutual coupling effects, thus attracted considerable interests (e.g., [23–31]).
Unlike the nested array, the virtual sensors in the resulting difference coarray constructed from
a coprime array are generally non-consecutive, i.e., there are holes between the virtual sensors.
Similar to the case in uniform linear arrays (ULAs), nonuniform noise could lead to severe
performance degradation of the DOA estimators in a coprime array. Our study interests focus on
the design of novel DOA estimators that work robustly in nonuniform noise environment. It is
noted that there are holes in the difference coarray from a coprime array. In this case, CS-based
methods do not need to consider the continuity issue of the virtual array sensors by building
the dictionary matrix through vectorization of the array covariance matrix. For subspace-based
methods, e.g., MUSIC and ESPRIT, spatial smoothing has to be used to restore the rank of
the virtual sensor covariance matrix and thus only the consecutive lags can be used [32, 33].
The method developed in [12] is a simple and efficient CS-type DOA estimation algorithm in
the presence of nonuniform noise. The results have been extended to wideband signals in [13].
However, these methods directly remove the diagonal elements from the data covariance matrix,
thus resulting in a performance loss. Recently, reference [19] proposed a DOA estimation method
for coprime arrays and it could be regarded as a sparse array version of method described in [17].
However, the method in [19] therein only uses the consecutive lags, and any non-consecutive
lags are discarded. Therefore, it generally does not achieve the best possible performance as
coprime arrays usually generate coarrays with holes.
In this paper, we develop new methods, respectively based on covariance matrix reconstruction
and matrix completion, to achieve effective DOA estimation for coprime arrays in the presence
of nonuniform noise. For the method based on covariance matrix reconstruction, in order to
decrease the effect of nonuniform noise, the array covariance matrix is reconstructed to follow
a Hermitian structure with equal diagonal elements. Then, by exploring the position structure
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of the vectored array covariance matrix, the DOA estimation problem is converted to a sparse
signal recovering problem which is solved through convex optimization methods. For matrix
completion-based approach, in order to remove nonuniform noise covariance and take a full
advantage of difference coarray lags, we first remove the diagonal element of array covariance,
and matrix completion technique [34]–[35] is then used to recover the values corresponding to
the holes in difference coarray and the diagonal elements of the virtual covariance matrix. In
this approach, because the restored virtual array is uniform linear, we use both CS and MUSIC
methods to estimate the source DOAs.
The remainder of this paper is organized as follows. In Section II, we describe the signal model
of coprime arrays in the presence of unknown nonuniform noise. In Section III, the proposed
covariance matrix reconstruction-based and matrix completion-based methods are respectively
presented. The Cramér-Rao bound (CRB) existence conditions of the proposed algorithm are
derived in the Section IV. In Section V, simulation results are provided to demonstrate the
effectiveness and superiority of the proposed DOA estimation methods in terms of detection
performance, angular resolution, and estimation accuracy. Section VI concludes this paper.
Throughout this paper, we use lower-case and upper-case boldface characters to denote vectors
and matrices, respectively. The superscripts (·)∗ , (·)T and (·)H respectively stand for the conjugate,
transpose and conjugate transpose of a vector or matrix. || · ||2 denotes the Euclidean (l2 ) norm
of a vector, whereas || · ||0 and || · ||1 respectively denote the l0 and l1 norms. || · ||∗ denotes
the nuclear norm. ◦, ⊗ and

stand for the Hadamard product, the Kronecker product and the

Khatri-Rao product, respectively. In addition, vec(·) is the vectorization operator, and diag{a}
denotes a diagonal matrix whose diagonal elements are the elements of a. In addition, trace(A)
denotes the trace of the matrix A. E[·] is the expectation operator. IN represents the N × N
identity matrix. [xS ]j denotes the j entry of [xS ], and hxS ii denotes the value on the support
i ∈ S. For example, if S = {2, 4, 6} and [xS ] = {1, 3, 5}, then [xS ]1 = 1, [xS ]2 = 3, [xS ]3 = 5,
and hxS i2 = 1, hxS i4 = 3 and hxS i6 = 5.
II. S IGNAL M ODEL
Let M and N be a pair of coprime integers. Consider a coprime array which consists of two
uniform linear subarrays. The two subarrays have 2M and N sensors, respectively, and their
respective element spacing is N d and M d. The unit interelement spacing is d which is set to
half wavelength, denoted as λ/2. Without loss of generality, we assume 2M > N . We assume
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Fig. 1: Array geometry of coprime array
that the first sensor of both subarrays coincides and is set as the reference element. Due to the
coprime relationship between M and N , except the reference sensor, other sensors do not overlap
with each other. Hence, the sensor positions of the difference coarray p = [p1 , p2 , ..., p2M +N −1 ]T
are located at
S = {M nd, 0 ≤ n ≤ N − 1} ∪ {N md, 0 ≤ m ≤ 2M − 1},

(1)

and there are a total number of |S| = 2M + N − 1 sensors in the coprime array. The array
geometry of coprime array is shown in Fig.1.
Assume L far-field uncorrelated narrow-band signals impinging on the coprime array from
L distinct angles θ1 , θ2 , . . . , θL . The (2M + N − 1)-dimensional received signal vector x(k) is
expressed as
x(k) =

L
X

a(θl )sl (k) + n(k) = As(k) + n(k),

(2)

l=1

where k is the index of sample snapshot, s(k) = [s1 (k), s2 (k), . . . , sL (k)]T is the source
2π

2π

signal vector, a(θl ) = [1, e λ p2 sin(θl ) , . . . , e λ p2M +N −1 sin(θl ) ]T is the signal steering vector with
pg , g = 1, 2, . . . , 2M + N − 1, being the sensor position, and A = [a(θ1 ), a(θ2 ), . . . , a(θL )] is the
steering matrix. n(k) is the additive complex Gaussian noise vector with uncorrelated entries.
The covariance matrix of the received signal vector x(k) is expressed as
Rxx = E{x(k)xH (k)} = APAH + Q,

(3)

where P = E{s(k)sH (k)} and Q = E{n(k)nH (k)} are the signal covariance matrix and the noise
covariance matrix, respectively. It is common to assume n(k) as a Gaussian white noise vector
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with identical power, and the noise covariance matrix is expressed as Q = σn2 I2M +N −1 , where
σn2 is the noise power at each sensor. In this paper, however, we consider a nonuniform Gaussian
noise environment, where the noise power in each sensor is different and unknown. In this case,
the noise covariance matrix becomes
Q = diag{Ψ21 , Ψ22 , ..., Ψ22M +N −1 },

(4)

where Ψ2g , g = 1, ..., 2M + N − 1, denotes the noise power measured at the gth sensor. Clearly,
the uniform noise environment can be considered as a special case of the nonuniform noise. In
practice, the array covariance matrix is estimated by
R̂xx

K
1 X
=
x(k)xH (k),
K k=1

(5)

where K denotes the number of sample snapshots.
III. P ROPOSED DOA E STIMATION A LGORITHMS
To mitigate the effect of unknown nonuniform noise to the DOA estimation performance and
take full advantage of the virtual array aperture of the coprime array, in this paper, three DOA
estimators are proposed for effective DOA estimation. All these techniques explore the intrinsic
structure of the covariance matrix of the received signal vector and the unknown noise variance
to effectively mitigate the effect of nonuniform noise covariance entries. They can be classified
into two major categories, one based on covariance matrix reconstruction and two based on
matrix completion. (a) In the covariance matrix reconstruction method, the sample covariance
matrix is first reconstructed to maintain a Hermitian structure with equal diagonal elements.
Then, the DOA estimation problem is converted to a sparse signal recovery problem which can
be solved efficiently by convex optimization techniques. (b) In the matrix completion methods,
the nonuniform denoising problem is first converted to signal subspace estimation problem. We
then rebuild a noise-free covariance matrix using the matrix completion technique, and estimate
the signal DOAs respectively using CS and MUSIC-based methods.
A. Proposed Method 1: Covariance matrix reconstruction based CS DOA estimator
It is well known that the nonuiformity of noise will result in performance degradation,
especially in a low SNR condition. According to (3), the covariance matrix of nonuniform noise
is a diagonal matrix with unequal diagonal entries. Therefore, to eliminate the nonuiformity in
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Q, a simple method is to reconstruct the sample covariance matrix R̂xx by averaging its main
diagonal elements. As a result, the new covariance matrix R1 is expressed as
R1 = J1 ◦ R̂xx + ηI2M +N −1 ,

(6)

where J1 ∈ C(2M +N −1)×(2M +N −1) is an all-one matrix except the diagonal elements which are
all zeros, and η is the averaged value of the diagonal elements of the sample covariance matrix
R̂xx , i.e.,
η=

1
trace(R̂xx ).
2M + N − 1

(7)

To take advantage of the virtual array of the coprime array to estimate more signal DOAs
than the number of physical sensors, we vectorize R1 , yielding
z = vec(R̂1 ) = Ãb + η ĩ + ,

(8)

where Ã = [vec(J1 ) ◦ ã(θ1 ), vec(J1 ) ◦ ã(θ2 ), . . . , vec(J1 ) ◦ ã(θL )] is a steering matrix with ã(θl ) =
a∗ (θl )⊗a(θl ) for l = 1, 2, · · · , L, b = [σ12 , σ22 , . . . , σL2 ]T is the signal power, and ĩ = vec(I2M +N −1 )
is the vectorized identity matrix.  represents discrepancies between z and the virtual array
model. As such, z amounts to a single-snapshot received vector corresponding to a virtual array
with an extended dimension. We can use the CS technique to utilize the coarray aperture for
effective DOA estimation. In this approach, we build an over-complete sensing matrix through
grid sampling over the potential angular region, e.g., from −90◦ to 90◦ . Then, by using a sparse
signal recovering method through CS, we obtain a sparse vector representing the signed power
in each grid point, and the non-zero entries correspond to the source DOAs.
o
Denote θ1o , θ2o , ..., θG
as G samples grid points in the angular region, where G  L, and
o
construct Ã1 = [vec(J1 ) ◦ ã(θ1o ), vec(J1 ) ◦ ã(θ2o ), . . . , vec(J1 ) ◦ ã(θG
)] as the sensing matrix. Then,

the cost function of the DOA estimation problem is expressed as
min k b1 k0
b1

s.t.

k z − Ã1 b1 − η ĩ k2 < δ,

(9)

where δ is a user-specific parameter. Because the l0 -norm problem in (9) is non-convex, we relax
the above l0 norm to l1 norm and use the Lasso approach for sparse signal recovery. The Lasso
cost function is expressed as
min k z − Ã1 b1 − η ĩ k2 + τ k b1 k1
b1

(10)

where τ is a regularization parameter that trades off between the sparsity and the accuracy. The
optimization problem (10) is convex and can be solved by, e.g., the interior-point method [36].
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In this paper, we assume that the true DOAs are on the sampling grid, and extension to grid-off
cases is straightforward [37]. For the sake of convenience, the covariance matrix reconstruction
based DOA estimator is named as Proposed Method 1.
B. Proposed Method 2: Matrix completion based CS DOA estimator
Proposed Method 1 can suppress nonuniform noise through averaging the diagonal elements
of the sample covariance matrix. In essence, it is to whiten the covariance matrix and mitigate
the effect of nonuniform noise. In the following two sections, we use the matrix completion
technique to recover a noise-free covariance matrix, and CS and MUSIC-based methods are
respectively used to perform DOA estimation.
For the sake of clarify, several definitions are borrowed from [35] as follows:
Definition 1 (difference coarray integer set D) For a sparse array where physical sensor
positions formulate an integer set S, whose difference coarray is given as D = {c1 −c2 |c1 , c2 ∈ S}.
Definition 2 (maximum contiguous lag integer set U) The maximum contiguous segment in
D is given as U = {c|{−|c|, ..., −1, 0, 1, ..., |c|} ⊆ D}.
Definition 3 (shortest contiguous ULA integer set V) The shortest contiguous segment containing D is given as V = {c|min(D) ≤ c ≤ max(D)}.
Definition 4 (weight function of coprime array w(c)) Z → Z: w(c) = |{(c1 , c2 ) ∈ S2 |c1 − c2 =
c}| which means the appearance times of each element in difference coarray D.
2

Definition 5 (transfer matrix F ∈ Z|D|×|S| ) A transfer matrix is used to remove the repeated
information in the difference coarray and is defined as hFic = vec(H(c))T , where H(c) ∈ R|S|×|S|
satisfies
hH(c)ic1,c2


1


, if c1 − c2 = c, c1 , c2 ∈ S,
w(c)
=

 0,
otherwise.

(11)

Matrix completion is an efficient method to recover a low-rank matrix from a finite sample set
of entries. From (3), we know that the unknown covariance matrix of the nonuniform noise only
affects the diagonal entries of the covariance matrix of the received signals. Therefore, unlike
Proposed Method 1 which averages the diagonal elements of the sample covariance matrix, the
proposed matrix completion based methods delete the diagonal elements and recover the entire
noise-free covariance matrix of the virtual ULA defined by the integer set V, including those
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corresponding to missing holes. Removing the diagonal entries of the sample covariance matrix
yields
R2 = J1 ◦ R̂xx .

(12)

After vectorizing R2 and rearranging the results through a transfer matrix F, the new received
vector based on the virtual ULA is expressed as
z2 = Fvec(R̂2 ),

(13)

where z2 amounts to a single-snapshot received signal. Note that a covariance matrix constructed
from z2 is rank one because only a single snapshot is available. Spatial smoothing is often utilized
to restore its rank. However, the spatial smoothing operator can only deal with contiguous lags.
In this case, to fill the holes in the difference coarray and form a virtual ULA in V, the matrix
completion technique is used to recover the missing elements.
A low-complexity direct spatial smoothing method is designed in [33] which, in addition to
achieving spatial smoothing similar to [32], also fill in holes through matrix completion. The
following virtual covariance matrix, which includes missing entries, is obtained by arranging the
entries of the virtual received signal vector,

hz2 i0
hz2 i−1

 hz i
hz2 i0
2 1

R3 = 
.
..

..
.

hz2 iMξ
hz2 iMξ −1



...

hz2 i−Mξ

...
..
.


hz2 i−Mξ +1 


..

.

hz2 i0

...

(14)

where Mξ = max(D) is the largest array aperture of virtual ULA.
To interpolate the holes and diagonal elements in R3 and recover noise-free covariance matrix
R4 in virtual ULA, the coarray interpolation method performs the following optimization:
min rank(R4 )
R4

s.t. [R4 ]c1,c2 = [R3 ]c1,c2 , c1 6= c2 , c1 − c2 ∈
/ V − D,
R4 = RH4 .

(15)
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Compared to [33], we added the constraint c1 6= c2 because the diagonal elements are removed
and need to be re-estimated. However, the above matrix rank optimization is NP-hard. Convex
relaxation is usually applied to yield the following nuclear norm minimization problem
min
R4

k R4 k∗

s.t. [R4 ]c1,c2 = [R3 ]c1,c2 , c1 6= c2 , c1 − c2 ∈
/ V − D,

(16)

R4 = RH4 .
As R4 is a positive-semidefinite Hermitian matrix, the nuclear norm can be further written as
k R4 k∗ = trace(R4 ),

(17)

and the constraint [R4 ]c1 ,c2 = [R3 ]c1 ,c2 , c1 6= c2 , c1 − c2 ∈
/ V − D can be simplified as
J2 ◦ [R4 − R3 ] = 0,

(18)

where J2 is an ((Mξ + 1) × (Mξ + 1))-dimensional projection matrix which is an all-one matrix
except when the coordinate of matrix [J2 ]c1 ,c2 satisfies c1 = c2 or c1 − c2 ∈ V − D where the
values are set to zero. Then, considering the covariance matrix error, the optimization problem
(16) can be written as
min trace(R4 )
R4

s.t. k J2 ◦ [R4 − R3 ] k2 ≤ δ1 ,

(19)

R4 = RH4 ,
where δ1 is a positive constant representing the estimation accuracy. It takes a small positive value
when the number of snapshots is sufficiently large. Both the cost function and the constraints
are convex. Therefore, (19) can be solved efficiently by using a convex optimization toolbox
[36]. After obtaining R4 , CS and MUSIC can be used to perform DOA estimation. The resulting
algorithms using CS and MUSIC are respectively referred to as Proposed Method 2 and Proposed
Method 3, and are described below.
Similar to Proposed Method 1, the CS technique can be used to estimate the DOAs from R4 .
One choice would be to utilize directly the covariance matrix R4 to design the DOA estimator
as proposed in reference [38]. However, for low-complexity implementation, we only use the
first column of R4 , denoted as r4 , to construct the following sparse signal recovery problem
min k b2 k0
b2

s.t.

k r4 − Ã2 b2 k2 < δ2 ,

(20)
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o
where δ2 is a user-specific parameter, Ã2 = [aV (θ1o ), aV (θ2o ), . . . , aV (θG
)] is the sensing matrix,
2π

2π

o

o

and aV (θo ) = [1, e λ d sin(θ ) , . . . , e λ (Mξ )d sin(θ ) ]T is the steering vector of the virtual ULA. We
use Lasso to solve the following optimization problem
min k r4 − Ã2 b2 k2 + τ2 k b2 k1 ,
b2

(21)

where τ2 is a regularization parameter similar to (10). It is noted that the sensing matrix in
(21) is different to that in (10), because Ã2 corresponds to a fully augmented ULA. The matrix
completion based CS algorithm is named as Proposed Method 2.
C. Proposed Method 3: Matrix completion based MUSIC DOA estimator
Compared with the CS-based method, the MUSIC algorithm is a classical alternative to
perform effective DOA estimation. As the reconstructed virtual array is uniform linear, the
MUSIC algorithm achieves a similar number of DOFs to the CS-based method. The eigendecomposition of the estimated covariance matrix R̂4 results in
R̂4 = Vs Φs VHs + Vn Φn VHn ,

(22)

where matrix Vs contains the eigenvectors corresponding to the L largest eigenvalues in Φs and
spans the signal subspace, whereas Vn contains the eigenvectors corresponding to the Mξ −L+1
smallest eigenvalues in Φn and spans the noise subspace. The L highest peaks of the following
pseudo spatial spectrum correspond to the signal DOAs:
p(θ) =

1
.
aHV (θ)Vn VHn aV (θ)

(23)

The matrix completion-based MUSIC algorithm is referred to as Proposed Method 3.
The last two proposed DOA estimation methods based on matrix completion (Method 2 and
Method 3) are summarized as follows:
Step 1: Estimate the sample covariance matrix using (5) and remove the diagonal elements
using (12).
Step 2: Rearrange sample covariance matrix and obtain received signal vector of the virtual
ULA using (13).
Step 3: Obtain the covariance matrix of the virtual array by optimizing (19).
Step 4: For Proposed Method 2, we use (21) to obtain the signal DOAs through Lasso. For
Proposed Method 3, we first construct the noise subspace of R̂4 using (22) and then perform
DOA estimation using (23).
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Both the matrix reconstruction-based method (Method 1) and the matrix completion-based
methods (Methods 2 and 3) solve the covariance matrix denoising problem to mitigate the
effect of the nonuniform noise. For proposed Method 1, we enforce the diagonal elements
of the covariance matrix to take the same value. For proposed Methods 2 and 3, the matrix
completion technique is used to recover the noise-free low-rank virtual covariance matrix. As
all proposed algorithms can effectively suppress the effect of nonuniform noise, they provide a
similar performance. Compared with Method 1, Methods 2 and 3 have a lower computational
complexity as the transfer matrix F in (11) reduces the dimension of the virtual received
signal vector. In particular, Method 3 is subspace-based and thus does not need to consider
the off-grid problem. On the other hand, in a low SNR case, Method 1 achieves slightly better
performance than Methods 2 and 3, because the latter suffers from performance degradation in
matrix completion when the input SNR is low.
IV. CRB A ND I TS E XISTENCE C ONDITION
In this section, we derive the CRB and its existence condition in the presence of nonuniform
noise. The derivation process is similar to that in [12], [39] and [40], but we prove the nonsingular
condition of Fish information matrix (FIM) in the nonuniform noise condition. Therefore, the
CRB expression is different to those obtained in [39] and [40], as those results are derived
under the assumption of uniform Gaussian white noise, and are not applicable to the underlying
situation with nonuniform noise. Note that the CRB expression derived here is equivalent to that
in [12] derived for nested arrays, but we derive the results in a different form so as to facilitate
the analysis of the CRB existence condition. Reference [12] did not provide the CRB existence
condition.
The CRB of the DOAs in nonuniform noise environment is expressed as
CRB(θ) =

1 H
{Γ [I − D(DH D)−1 DH ]Γ}−1 .
K

(24)

where the matrix Γ is given as
1

Γ = 2π(RTS ⊗ RS )− 2 Aw P,

(25)

RS is the covariance matrix of the physical array, rS = vec(RS ), P = diag(σ12 , ..., σL2 ), Aw =
{A∗S

[diag(S)AS ] + [diag(S)A∗S ]

AS }, and the matrix D is given as
1

D = (RTS ⊗ RS )− 2 W,

(26)
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where W = [A∗S

AS , I|S|

I|S| ]. The derivation process of CRB expression is given in Appendix

A. In the following two theorems, we provide the nonsingular condition of the FIM matrix, i.e,
the CRB existence condition.
Theorem 1. The nonsingular condition of the FIM is
rank(W) = L + |S|.

(27)

The proof of Theorem 1 is given in Appendix B.
Theorem 2. Assume rank(W) = L + |S|. Then, [ΓH (I − D(DH D)−1 DH )Γ] is positive-definite
if and only if
h
rank Aw

i
W = 2L + |S|.

(28)

The proof of Theorem 2 is given in Appendix C.
The nonsingular condition given in (27) and (28) indicates that there are |S| variables to
characterize the noise power corresponding to the zeroth lag in the virtual array, and it is
straightforward to verify that the matrix I|S|

I|S| is full column rank. As a result, to keep

W to be full column rank, the number of signals should be less than (|D| − 1)/2. That is, we
could utilize the (|D| − 1)/2 lags in the difference coarray to perform DOA estimation. As a
result, to guarantee the CRB existing condition, the maximum number of signals must not exceed
(|D| − 1)/2. According to [23], there are 3M N + M − N unique lags for the coprime array
configuration discussed in this paper. Therefore, considering the nonsingular condition of the
CRB, the maximum number of sources that could be resolved is (3M N + M − N )/2.
V. S IMULATION R ESULTS
Consider a coprime array consisting of 10 omnidirectional antenna sensors with two coprime
integers M = 3 and N = 5. The sensor positions at the two subarrays are respectively
[0, 3, 6, 9, 12]d and [0, 5, 10, 15, 20, 25]d. To verify that the coprime array can estimate more
source DOAs than the number of physical sensors, we consider 15 narrowband far-field signals
uniformly distributed between −65o and 75o . The noise vector is modeled as an independent zeromean Gaussian random vector whose covariance matrix is Q = diag{11.2, 5.2, 10, 3.4, 7.8, 9.2, 7, 6,
12.5, 9}.
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To verify the effectiveness and superiority of the proposed algorithms, the results of the
proposed algorithms are compared to those obtained from methods described in [12], [19] and
[24]. The input signal-to-noise ratio (SNR) is defined as
σs2
SNR =
2M + N − 1
where

σs2

and

σl2

2MX
+N −1
l=1

1
σl2

(29)

are signal power and the noise power evaluated at the lth sensor, respectively.

For Proposed Methods 1 and 2, the regularization parameter of the Lasso is set to 0.85 and 0.95,
respectively, and the sample grid is uniformly distributed between −90◦ and 90◦ with a 0.2◦
increment between adjacent grid points.
A. Detection performance
Fig. 2 compared the estimated spatial spectra, where the input SNR is 1 dB, and 4000 snapshots
are used. From this figure, it is evident that the proposed algorithms can identify all of the sources
and have sharp peaks, verifying the effectiveness of DOA estimation with a higher number of
DOFs than the number of physical sensors. The method in [24] does not eliminate the effect of
nonuniform noise, suffering from performance degradation. Moreover, the estimator developed in
[19] only utilizes the contiguous virtual sensors, i.e., it does not take the full advantages offered
by all the lags in the difference coarray. The method in [12] deletes the diagonal elements of
covariance matrix, resulting in performance loss. By using the CS and the matrix completion
techniques, the proposed methods utilize as many lags as possible offered in virtual array and
hence achieve improved performance compared with method in [12], [19] and [24].
B. Angular resolution ability
We examine the angular resolution performance by considering a scenario with two closely
located sources at 0.8◦ and 1.8◦ . 4000 snapshots are used, and the input SNR is 1 dB. The spatial
spectra estimated using the proposed algorithms and the method being compared [12], [19] and
[24] are shown in Fig. 3. For clarify, we only show an angular region between −3◦ and 5◦ . It
can be seen from Fig. 3 that the method in [12], [19] and [24] fails to accurately estimate the
DOAs because of their close angular separation. However, all the proposed algorithms provide
unbiased DOA estimates.
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C. Estimation accuracy
To evaluate the estimation accuracy of the DOAs, we use the root mean square error (RMSE)
as the performance indicator, which is defined by
v
u
L X
T h
i2
u 1 X
θ̃l (t) − θl ,
RMSE = t
LT l=1 t=1

(30)

where θ̃l (t) denotes the estimated θl from the tth Monte Carlo trial, t = 1, 2, · · · , T . For
comparison, the CRB is also included in the figure.
The RMSE performance is shown in Fig. 4 with respect to the input SNR and in Fig. 5
with respect to the number of snapshots. In Fig. 4, 4000 snapshots are used, whereas in Fig. 5,
the input SNR is set to -5dB. 11 incident signals uniformly distribute between −75o and 25o ,
and results from 300 Monte Carlo trials are averaged to obtain each simulation point. Other
simulation settings are identical to those used in Fig. 2. From Fig. 4, it is observed that the
proposed algorithms achieve much lower RMSE than the methods being compared [12], [19]
and [24]. That is due to the fact that the proposed algorithms can effectively mitigate the influence
of nonuniform noise in covariance matrix and take advantage of as many lags as possible in
virtual array. It is noted that, as pointed out in [39], when the number of sources is higher than
that of the physical sensors, the RMSE cannot reach the CRB, which is consistent with the
simulation results. In Fig. 5, it is observed that, compared to the method developed in [12], [19]
and [24], the proposed methods not only offer lower RMSE results, but also achieve a faster
convergence.
VI. C ONCLUSION
Based on a coprime array, three novel DOA estimation algorithms in the presence of unknown
nonuniform noise were proposed in this paper. For Proposed Method 1, by reconstructing the
sample covariance matrix of physical sensors into Hermitian matrix with equal diagonal elements,
the effect of unknown nonuniform noise is suppressed well. For Proposed Method 2 and Method
3, the matrix completion technique is used to recover the noise-free low-rank covariance matrix
of virtual array and the entries corresponding to missing holes are filled. In addition, the
proposed three algorithms take advantage of more lags than compared method, they have a
better performance for DOA estimation. Simulation results demonstrate that, compared with
existing method, the proposed algorithms achieve a superior performance in terms of detection
capacity, angular resolution, and estimation accuracy.
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A PPENDIX A
Considering a stochastic model with parameter set defined as ω = [θ̃, σ12 , ...σL2 , Ψ21 , ..., Ψ2|S| ]T ,
where θ̃ = [θ̃1 , θ̃2 , ..., θ̃L ] = [(d/λ)sinθ1 , (d/λ)sinθ2 , ..., (d/λ)sinθL ], whereas σq21 , q1 = 1, 2, ..., L,
and Ψ2q2 , q2 = 1, 2, ..., |S|, are the signal power of each source and the noise power of each
P
P
2
T
sensor, respectively. Denote RS = Lj=1 σj2 a(θj )aH (θj ) + |S|
j=1 Ψj ej ej as the covariance matrix
corresponding to the physical array, where ej is the jth column of the identity matrix I|S| . Then,
the (p, q)th entry of the FIM Φ is given by


−1 ∂RS
−1 ∂RS
R
.
Φp,q = Ktrace RS
∂[ω]p S ∂[ω]q

(A.1)

Since trace(XYAB) = vecH (YH )(XT ⊗ A)vec(B), and (X ⊗ Y)−1 = X−1 ⊗ Y−1 when X and Y
are nonsingular [41], (A.1) can be reformulated as

H


∂RS
∂RS
−T
−1
Φp,q =K vec(
) (RS ⊗ RS )vec
∂[ω]p
∂[ω]q



H 

∂RS
∂RS
T
− 12
T
− 21
=K (RS ⊗ RS ) vec
· (RS ⊗ RS ) vec
∂[ω]p
∂[ω]q



H 

1
1
∂rS
∂rS
=K (RTS ⊗ RS )− 2
· (RTS ⊗ RS )− 2
,
∂[ω]p
∂[ω]q

(A.2)

where rS = vec(RS ). Therefore, the FIM Φ is expressed as


H

Γ Γ
Φ=K
DH Γ

H

Γ D
DH D


,

(A.3)

where Γ is an |S|2 × L matrix given as


∂rS
T
− 21 ∂rS
,··· ,
Γ =(RS ⊗ RS )
∂ θ̃1
∂ θ̃L


∂AS ∂A∗S
∗
T
− 12
AS ⊗
+
⊗ AS P
=(RS ⊗ RS )
∂ θ̃
∂ θ̃
1

=2π(RTS ⊗ RS )− 2 {A∗S
1

=2π(RTS ⊗ RS )− 2 Aw P,

[(diag(S)AS )] + [diag(S)A∗S ]

(A.4)
AS }P
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P = diag(σ12 , ..., σL2 ), Aw = {A∗S

[diag(S)AS ] + [diag(S)A∗S ]

AS }, and the |S|2 × (L + |S|)-

dimensional matrix D is given as
D

=(RTS

⊗ RS )

− 21



∂rS
∂rS ∂rS
∂rS
,··· , 2 ,
,··· ,
2
2
∂σ1
∂σL ∂Ψ1
∂Ψ2S

1

=(RTS ⊗ RS )− 2 [A∗S
=(RTS

⊗ RS )

− 12

[A∗S



AS , e1 ⊗ e1 , ..., e|S| ⊗ e|S| ]
AS , IS

(A.5)

IS ]

1

=(RTS ⊗ RS )− 2 W,
where W = [A∗S

AS , I|S|

I|S| ]. If the FIM is nonsingular, according to (A.3), the CRB of the

DOAs becomes
CRB(θ) =

1 H
{Γ [I − D(DH D)−1 DH ]Γ}−1 .
K

(A.6)

A PPENDIX B
Proof. (Sufficient) According to (A.5), DH D = WH (RTS ⊗ RS )−1 W. Since rank(W) = L + |S|
and (RTS ⊗ RS )−1 is positive-definite, DH D is positive-definite.
(Necessity) If rank(W) < L + |S|, there exists a non-zero vector satisfying Wu = 0. As a
result, the following equation is valid: uH (DH D)u = (Wu)H (RTS ⊗ RS )−1 (Wu) = 0, which means
that DH D is not positive-definite.
A PPENDIX C
Proof. (Sufficiency) Since [I − D(DH D)−1 DH ] is Hermitian and idempotent, there exists a
vector u1 such that
1
1 H H
u1 {Γ [I − D(DH D)−1 DH ]Γ}u1 = ||[I − D(DH D)−1 DH ](RTS ⊗ RS )− 2 Aw Pu1 ||22 ≥ 0.
2
4π

(C.1)
− 21

The equality is valid only if (I − D(DH D)−1 DH )(RTS ⊗ RS )
vector v such that
Aw Pu1 − Wv = [Aw

Aw Pu1 = 0, and there exists a



Pu1
 = 0,
W] 
−v

(C.2)

if rank[Aw W] = 2L+|S|, then Pu1 = 0, implying u1 = 0. Therefore, {ΓH [I−D(DH D)−1 DH ]Γ}
is positive-definite.
(Necessity) If rank[Aw W] < 2L + |S|, then there exist vectors x and y such as
 
x
[Aw W]   = 0,
y

(C.3)
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which means
Aw P(P−1 x) = W(−y).

(C.4)

1

If x 6= 0, then [I − D(DH D)−1 DH ](RTS ⊗ RS )− 2 Aw P−1 x = 0, and {ΓH [I − D(DH D)−1 DH ]Γ} is
not positive-definite. If x = 0 and y 6= 0, then Wy = 0, which contradicts with rank(W) =
L + |S|.
R EFERENCES
[1] H. L. Van Trees, Optimum Array Processing: Part IV of Detection, Estimation, and Modulation Theory. John
Wiley, 2002.
[2] E. Tuncer and B. Friedlander, Classical and Modern Direction of Arrival Estimation. Academic Press, 2009.
[3] J. T. Ma, H. H. Tao, and P. Huang, “Subspace-based super-resolution algorithm for ground moving target
imaging and motion parameter estimation,” IET Radar, Sonar and Navigation, vol. 10, no. 3, pp. 488–499,
March 2016.
[4] R. Schmidt, “Multiple emitter location and signal parameter estimation,” IEEE Transactions on Antennas and
Propagation, vol. 34, no. 3, pp. 276–280, March 1986.
[5] R. Roy and T. Kailath, “Esprit-estimation of signal parameters via rotational invariance techniques,” IEEE
Transactions on Acoustics, Speech, and Signal Processing, vol. 37, no. 7, pp. 984–995, July 1989.
[6] D. L. Donoho, “Compressed sensing,” IEEE Transactions on Information Theory, vol. 52, no. 4, pp. 1289–
1306, April 2006.
[7] J. H. Ender, “On compressive sensing applied to radar,” Signal Processing, vol. 90, no. 5, pp. 1402 – 1414,
2010.
[8] S. Aouada, A. M. Zoubir, and C. M. S. See, “Source detection in the presence of nonuniform noise,” in
Proceedings of 2004 IEEE International Conference on Acoustics, Speech, and Signal Processing (ICASSP),
vol. 2, Montreal, Canada, May 2004, pp. 165–168.
[9] Y. Wu, C. Hou, G. Liao, and Q. Guo, “Direction-of-arrival estimation in the presence of unknown nonuniform
noise fields,” IEEE Journal of Oceanic Engineering, vol. 31, no. 2, pp. 504–510, April 2006.
[10] M. Pesavento and A. B. Gershman, “Maximum-likelihood direction-of-arrival estimation in the presence of
unknown nonuniform noise,” IEEE Transactions on Signal Processing, vol. 49, no. 7, pp. 1310–1324, July
2001.
[11] C. E. Chen, F. Lorenzelli, R. E. Hudson, and K. Yao, “Stochastic maximum-likelihood DOA estimation in
the presence of unknown nonuniform noise,” IEEE Transactions on Signal Processing, vol. 56, no. 7, pp.
3038–3044, July 2008.
[12] Z. He, Z. Shi, and L. Huang, “Covariance sparsity-aware DOA estimation for nonuniform noise,” Digital
Signal Processing, vol. 28, 2014.
[13] Z. He, Z. Shi, L. Huang, and H. So, “Underdetermined DOA estimation for wideband signals using robust
sparse covariance fitting,” IEEE Signal Processing Letters, vol. 22, no. 4, pp. 435 – 439, 2015.

19

[14] B. Liao, G. S. Liao, and J. Wen, “A method for DOA estimation in the presence of unknown nonuniform
noise,” Journal of Electromagnetic Waves and Applications, vol. 22, no. 14-15, pp. 2113–2123, 2008.
[15] B. Liao, L. Huang, and S. C. Chan, “DOA estimation under the coexistence of nonuniform noise and mutual
coupling,” in Proceedings of 2015 IEEE China Summit and International Conference on Signal and Information
Processing (ChinaSIP), Chengdu, China, July 2015, pp. 731–735.
[16] B. Liao, S. C. Chan, L. Huang, and C. Guo, “Iterative methods for subspace and DOA estimation in nonuniform
noise,” IEEE Transactions on Signal Processing, vol. 64, no. 12, pp. 3008–3020, June 2016.
[17] B. Liao, L. Huang, C. Guo, and H. C. So, “New approaches to direction-of-arrival estimation with sensor
arrays in unknown nonuniform noise,” IEEE Sensors Journal, vol. 16, no. 24, pp. 8982–8989, Dec. 2016.
[18] B. Liao, C. Guo, L. Huang, and J. Wen, “Matrix completion based direction-of-arrival estimation in nonuniform
noise,” in Proceedings of 2016 IEEE International Conference on Digital Signal Processing (DSP), Beijing,
China, Oct. 2016, pp. 66–69.
[19] Y. Tian, H. Shi, and H. Xu, “DOA estimation in the presence of unknown non-uniform noise with coprime
array,” Electronics Letters, vol. 53, no. 2, pp. 113–115, 2017.
[20] A. Moffet, “Minimum-redundancy linear arrays,” IEEE Transactions on Antennas and Propagation, vol. 16,
no. 2, pp. 172–175, March 1968.
[21] P. Pal and P. P. Vaidyanathan, “Nested arrays: A novel approach to array processing with enhanced degrees
of freedom,” IEEE Transactions on Signal Processing, vol. 58, no. 8, pp. 4167–4181, Aug. 2010.
[22] P. P. Vaidyanathan and P. Pal, “Sparse sensing with co-prime samplers and arrays,” IEEE Transactions on
Signal Processing, vol. 59, no. 2, pp. 573–586, Feb. 2011.
[23] S. Qin, Y. D. Zhang, and M. G. Amin, “Generalized coprime array configurations for direction-of-arrival
estimation,” IEEE Transactions on Signal Processing, vol. 63, no. 6, pp. 1377–1390, March 2015.
[24] Y. D. Zhang, M. G. Amin, and B. Himed, “Sparsity-based DOA estimation using co-prime arrays,” in
Proceedings of 2013 IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP),
Vancouver, Canada, May 2013, pp. 3967–3971.
[25] M. G. Amin, P. P. Vaidyanathan, Y. D. Zhang, and P. Pal (ed.), “Special issue on coprime sampling and
arrays,” Digital Signal Processing, vol. 61, pp. 1–96, 2017.
[26] C. Zhou, Z. Shi, Y. Gu, and X. Shen, “DECOM: DOA estimation with combined MUSIC for coprime array,” in
Proceedings of 2013 International Conference on Wireless Communications and Signal Processing, Hangzhou,
China, Oct. 2013, pp. 1–5.
[27] Q. Shen, W. Liu, W. Cui, S. Wu, Y. D. Zhang, and M. G. Amin, “Low-complexity direction-of-arrival estimation
based on wideband co-prime arrays,” IEEE/ACM Transactions on Audio, Speech, and Language Processing,
vol. 23, no. 9, pp. 1445–1456, Sept. 2015.
[28] C. Zhou, Z. Shi, and Y. Gu, “Coprime array adaptive beamforming with enhanced degrees-of-freedom
capability,” in Proceedings of 2017 IEEE Radar Conference (RadarConf), Seattle, WA, May 2017, pp. 1357–
1361.

20

[29] M. Guo, T. Chen, and B. Wang, “An improved DOA estimation approach using coarray interpolation and
matrix denoising,” Sensors, vol. 17, no. 5, 2017.
[30] S. Qin, Y. D. Zhang, and M. G. Amin, “DOA estimation of mixed coherent and uncorrelated targets exploiting
coprime MIMO radar,” Digital Signal Processing, vol. 61, pp. 26 – 34, 2017.
[31] C. Zhou, Y. Gu, Y. D. Zhang, Z. Shi, T. Jin, and X. Wu, “Compressive sensing based coprime array directionof-arrival estimation,” IET Communications, vol. 11, no. 11, pp. 1719–1724, Aug. 2017.
[32] T.-J. Shan, M. Wax, and T. Kailath, “On spatial smoothing for direction-of-arrival estimation of coherent
signals,” IEEE Transactions on Acoustics, Speech, and Signal Processing, vol. 33, no. 4, pp. 806–811, Aug.
1985.
[33] C. L. Liu and P. P. Vaidyanathan, “Remarks on the spatial smoothing step in coarray MUSIC,” IEEE Signal
Processing Letters, vol. 22, no. 9, pp. 1438–1442, Sept. 2015.
[34] E. J. Candès and B. Recht, “Exact matrix completion via convex optimization,” Foundations of Computational
Mathematics, vol. 9, no. 6, p. 717, April 2009.
[35] C. L. Liu, P. P. Vaidyanathan, and P. Pal, “Coprime coarray interpolation for DOA estimation via nuclear
norm minimization,” in Proceedings of 2016 IEEE International Symposium on Circuits and Systems (ISCAS),
Montreal, Canada, May 2016, pp. 2639–2642.
[36] M. Grant and S. Boyd, “CVX: Matlab software for disciplined convex programming, version 2.1,”
http://cvxr.com/cvx, March 2014.
[37] Z. Yang, L. Xie, and C. Zhang, “Off-grid direction of arrival estimation using sparse Bayesian inference,”
IEEE Transactions on Signal Processing, vol. 61, no. 1, pp. 38–43, Jan. 2013.
[38] Z. Shi, C. Zhou, Y. Gu, N. A. Goodman, and F. Qu, “Source estimation using coprime array: A sparse
reconstruction perspective,” IEEE Sensors Journal, vol. 17, no. 3, pp. 755–765, Feb. 2017.
[39] M. Wang and A. Nehorai, “Coarrays, MUSIC, and the Cramer-Rao bound,” IEEE Transactions on Signal
Processing, vol. 65, no. 4, pp. 933–946, Feb. 2017.
[40] C. Liu and P. P. Vaidyanathan, “Cramer-Rao bounds for coprime and other sparse arrays, which find more
sources than sensors,” Digital Signal Processing, vol. 61, 2017.
[41] H. Lütkepohl, Handbook of Matrices.

John Wiley, 1996.

21

Normalized spectrum

1
0.8
0.6
0.4
0.2
0
−90 −80 −70 −60 −50 −40 −30 −20 −10

0 10 20 30 40 50 60 70 80 90
θ (°)

(a) DOA estimator [24]

Normalized spectrum

1
0.8
0.6
0.4
0.2
0
−90 −80 −70 −60 −50 −40 −30 −20 −10

0 10 20 30 40 50 60 70 80 90
θ (°)

(b) DOA estimator [12]
0

Normalized spectrum

10

−2

10

−4

10
−90 −80 −70 −60 −50 −40 −30 −20 −10

0 10 20 30 40 50 60 70 80 90
θ (°)

(c) DOA estimator [19]

Normalized spectrum

1
0.8
0.6
0.4
0.2
0
−90 −80 −70 −60 −50 −40 −30 −20 −10

0 10 20 30 40 50 60 70 80 90
θ (°)

(d) Proposed Method 1

Normalized spectrum

1
0.8
0.6
0.4
0.2
0
−90 −80 −70 −60 −50 −40 −30 −20 −10

0 10 20 30 40 50 60 70 80 90
θ (°)

(e) Proposed Method 2
0

Normalized spectrum

10

−2

10

−4

10
−90 −80 −70 −60 −50 −40 −30 −20 −10

0 10 20 30 40 50 60 70 80 90
θ (°)

(f) Proposed Method 3

Fig. 2: Comparison of spatial spectrum in nonuniform noise environment. (1 dB input SNR and
4000 snapshots)
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Fig. 3: Comparison of spatial spectrum in nonuniform noise environment. (1 dB input SNR and
1000 snapshots)
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