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ABSTRACT

This paper investigates the difference coarray structure of multi-
frequency sparse rational arrays and evaluates their direction-
of-arrival (DOA) estimation performance in the coarray domain.
The proposed approach reformulates the rational configuration
into a spatially oversampled representation with reduced inter-
element spacing, aligning it with an integer grid. This trans-
formation eliminates fractional lags and thus facilitates a more
structured analysis of the coarray properties. Furthermore, the
proposed rational array generates more unique difference coar-
ray lags than its integer-based counterpart, thereby enhancing
signal identifiability. Through Cramér-Rao bound (CRB) anal-
ysis and simulations, we demonstrate that the rational sparse
array achieves lower estimation error and resolves more signals
for a given aperture compared to its integer-based counterpart,
underscoring its effectiveness and robustness in high-resolution
DOA estimation.

Index Terms— Direction-of-arrival estimation, multi-frequency
sparse array, rational sparse array, spatial oversampling, group spar-
sity.

1. INTRODUCTION

Optimized design of sparse linear arrays (SLAs) has attracted sub-
stantial research interest over the past few decades due to their ability
to estimate the directions-of-arrival (DOAs) of O(N?) signals using
only N sensors [1-3]. In contrast to uniform linear arrays (ULAs)
which are limited to resolving a maximum of N — 1 signals, SLAs
leverage difference coarrays to enhance the achievable degrees-of-
freedom (DOFs) and improve signal identifiability. Several SLA
configurations have been proposed with closed-form expressions for
sensor locations, enabling systematic analysis of their coarray struc-
tures and achievable DOFs [4-14]. Recent advancements in array
signal processing, including those based on compressive sensing and
array interpolation, have further increased the number of achievable
DOFs and enhanced DOA estimation performance [15, 16].

By leveraging the frequency-dependent nature of the array man-
ifold, virtual coprime arrays can be synthesized using a single ULA
excited by two continuous-wave signals with coprime frequency ra-
tios [17]. This approach generalizes the spatial domain coprime
array concept, originally formulated using two physical subarrays,
to a joint spatio-spectral domain with a single physical array. Re-
cent studies have extended this concept to multiple coprime fre-
quencies and analyzed the resulting DOF improvements [18-21].
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Multi-frequency sparse arrays can be implemented in a frequency-
switching fashion for reduced system complexity [22]. Additionally,
multi-frequency sparse rational array designs were explored to con-
struct redundancy-free difference coarrays, maximizing the achiev-
able DOFs for a given number of sensors [23]. More recently, multi-
frequency sparse rational arrays have been introduced as a flexible
alternative to integer-based multi-frequency arrays [24, 25]. Multi-
frequency sparse rational arrays offer greater flexibility in sensor
placement than sparse integer arrays, which are limited to integer
multiples of half-wavelength spacing. However, their impact on dif-
ference coarray structures and DOA estimation in the coarray do-
main remains largely unexplored.

In this paper, we investigate the coarray properties of multi-
frequency sparse rational arrays and highlight their advantages over
integer-based designs. We reformulate these arrays as spatially over-
sampled virtual integer arrays, enabling a denser coarray structure
with enhanced coarray lags. Our analysis shows that rational sparse
arrays achieve a greater number of unique difference coarray lags
than their integer-based counterparts, leading to improved signal
identifiability. Additionally, we compare the Cramér-Rao bound
(CRB) benchmark and present simulation results highlighting the
enhanced signal identifiability and DOA estimation performance.

Notations: We use bold lowercase (uppercase) characters to de-
note vectors (matrices). In particular, Ix denotes the N x N identity
matrix and 1%V denotes an N x 1 vector of ones. The transpose and
Hermitian operations of a matrix or a vector are denoted by (-)* and
(~)H, respectively, whereas the vectorization of a matrix is denoted
by vec(+). The greatest common divisor (GCD) and the least com-
mon multiple (LCM) of two integers a and b are given by gcd(a, b)
and lem(a, b), respectively. The operator © computes the pairwise
differences between all possible combinations of elements from the
two sets, while ® represents the Kronecker product. E[-] stands for
the statistical expectation operator, ||]|, denotes the ¢, norm, and ||
computes the absolute value. C*¥ denotes the M x N complex
space and Z™ is the set of positive integers.

2. SIGNAL MODEL

We consider a scenario where I continuous-wave signals with carrier
frequencies f;, fori = 1,2,---, I, are emitted from either a single
transmit antenna or a phased array. The signals are reflected by L far-
field targets and impinge on an /N-element linear array with physical
sensors at locations

P:{O:p17p27“'7pN}d‘ (1)

Let A; denote the wavelength corresponding to carrier frequency f;.
The element spacing d is expressed as d = M;\; /2, where M; > 0
can be either an integer (integer array) or a rational number (ratio-
nal array). In the general case, we define M; as a positive rational



number M; = a;/b; where a;, b; € 7™, which becomes an integer
when b; = 1. In this case, the virtual array for the ith frequency is
expressed as

~ i

Denoting the DOA of the Ith signal as 6;, ] = 1,2,---, L, the re-
ceived signal %;(t) € CN*! associated with the ith frequency is
given by

L
%i(t) = /TN pi (t)ai (0r) + h(1), 3)
=1

where p (t) denotes the frequency-dependent reflection coefficient
of the [th target,
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is the steering vector of the Ith signal for the ith frequency, and 1, (t)
denotes an additive white Gaussian noise vector, independent be-
tween different frequencies. The baseband signal vector after de-
modulation with carrier frequency f; is given as

Zp

where A; = [ai(gl), ai(02),"',ai(9L)] e CN*L s the ar-
ray manifold matrix for the ith frequency, s;(t) = [p(')( t),
P8 (), p (O] € €Y and mi(t) ~ CN(0,03) 1) s

the baseband additive white Gaussian noise vector. Let d denote the

half-wavelength spacing in the normalized sense. We can rewrite (2)
as

t)a;(0) +n;(t) = Aysi(t) +ni(t), (5

The multi-frequency sparse rational array corresponding to all I fre-
quencies is given by

I I
a; a; =
s:LJ&:LJ{&EpL~nEmN}d ™
i=1 i=1

The number of virtual sensors in S, denoted as N/, satisfies N/ <
(N — 1)I + 1, with equality holding when virtual sensors from the
I frequencies overlap only at the reference position.

3. DIFFERENCE COARRAY ANALYSIS FOR
MULTI-FREQUENCY SPARSE RATIONAL ARRAYS

3.1. Spatial Oversampling Representation of Multi-Frequency
Sparse Rational Arrays

The GCD of any @ positive rational numbers 7 = ugq/vg With
Uq,Vg €ZT, g =1, 2,---,Q, is given by [26]
ng(u17 uz, -, UQ)
d .. . 8
gc (T17T2, 7TQ) lcm(vl,v2,~~-,vQ) ®

Using the distributive and associative properties, the GCD of the sen-
sor locations of the virtual array S in (7) becomes

ng(a’17 S ‘70’1) ) ng(p27 e
lem(by, - -, br)
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The sensor location (a;/b;)py of the virtual array S; in (6) can be
re-written as

aq i
popn =510 (10)

forn = 1,2,---, N, where lﬁf) indicates the scaled virtual sensor
location for the ith frequency. Defining

M; = 35, (an
1) can be written into

1) = Mipn. (12)
Noting in (9)—(11) that a; is divisible by ged(aq, - - -, ar), pn is di-

visible by ged(p2, - - -, pn), and lem(by, - - -, by) is divisible by b;,
we conclude that M; and, consequently, 1) are positive integers.
As a result, the sensor locations of the virtual array S; in (6) can be
reformulated as

Si = {OyMlPQalepN}d7 (13)
where cg = [d can be regarded as the unit inter-element spacing.
Since M; € Z* fori = 1,---,1, S corresponding to all I frequen-
cies consists of virtual sensors positioned at integer multiples of the
reduced inter-element spacing d. It is noted that coprimality of the
sensor locations was established as a necessary and sufficient con-
dition for unambiguous DOA estimation in [27]. A set of rational
numbers is considered coprime if the GCD of the set is less than or
equal to one [26]. Therefore, it follows by definition that B < 1land,
equivalently, d > d. Tt can be observed in (9) thatd = d holds only
when M; € Z*,ie, b = 1,foralli =1,---,1. Whend < d, S
becomes a spatially oversampled sparse array.

3.2. Lag Analysis

In the previous subsection, we reformulated multi-frequency sparse
rational arrays as a spatially oversampled representation with a re-
duced inter-element spacing d, ensuring that all virtual sensor loca-
tions align with integer indices in the d-spaced grid. Such a reformu-
lation simplifies the coarray analysis since the resulting difference
lags are also aligned with the integer grid. The self-lags represent the
coarray sensor positions obtained from differences between virtual
sensors within the same frequency. For I frequencies, the self-lags
are defined as

I
Dsat = | JSi 8. (14)

=1
Similarly, the cross-lags correspond to sensor location differences
between virtual sensors associated with different frequency pairs i 7#

ke {1,2,---,I} and are given as
]D)cross = U Sz © Sk (15)
i#k

The complete set of the difference coarray lags of the virtual array
S, denoted by D = Dgeir U Deross, is given as

I —
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where n,m € {1,2,---,N}.

Redundancy-free sparse array was considered in [23] for multi-
frequency integer sparse arrays, i.e., b; = by = 1, where the fre-
quencies and the physical arrays are carefully designed to ensure all
nonzero lags to be redundancy-free. Elimination of redundancy in
the difference lags guarantees a high number of unique lags for en-
hanced DOA estimation performance. However, for integer sparse
arrays, such designs often require large separation between the fre-
quencies as well as the physical sensors. For the underlying multi-
frequency sparse rational arrays, as we can flexibly select parameters
b; and b;s in (16), the increased dimension of parameters enables dif-
ference coarrays with a greater number of unique lags than integer-
based counterparts. As a result, not only can redundancy-free arrays
be designed with more practical selections of both frequencies and
physical sensor locations, but we can also achieve a better lag profile
with desirable missing entries.

3.3. Design Example

In this subsection, we present a simple example of a multi-frequency
sparse rational array with / = 2 frequencies to demonstrate spatially
oversampled representations. We consider an SLA with physical
sensor locations

P={0,1,2,4}d. a7
The two carrier frequencies f; and f> are chosen with ratios M, =
1.8 and M3 = 3 suchthata; = 9,b; = 5,a2 = 3, and b = 1. The
virtual arrays corresponding to f1 and f> are respectively given as

S1 = {0,%, %, %}J and Sz = {0,3,6,12}d. (18)

The total virtual array is obtained as

536120 d (19)
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It can be seen from (19) that not all virtual sensors of S are on the
integer grid of d. The GCD of the sensor locations in (19) is obtained
as 8 = 0.6. Taking out the GCD component, the virtual arrays S;
and S, in (18) can be rewritten as

S1 ={0,3,6,12}d and S, = {0, 5,10,20}d, (20)

where d = 0.6d. Note for this design that M, = 3and M, = 5.
The virtual array S in (19) can therefore be reformulated as

S ={0,3,5,6,10,12,20}d, @2n

and the set of its positive difference coarray lags is obtained as
D, ={0,1,2,3,4,5,6,7,8,9,10,12,14,15,17,20}d,  (22)
which comprises a high number of consecutive lags and few missing

elements for convenient missing-data interpolation.

4. DOA ESTIMATION USING OVERSAMPLED SPARSE
RATIONAL ARRAY

4.1. Covariance Matrices
The self-covariance matrix R;; € CNY*Y of the data received by the
virtual array corresponding to the ith frequency is given by

Ry = E[x(t)x; ()] = ARIVAT + oIy, (23)

fori =1,2,---, I, where RS = E[s;(t)s!(£)] € C*** is the co-
variance matrix of the reflected signal vector for frequency f;. This
matrix is diagonal with real-valued entries. The cross-covariance
matrix of the received data corresponding to the ith and kth fre-
quency for ¢ # k is obtained as

Ri, = E[xi()xp ()] = AR AL (24)

where R{"™ = E[s;(t)s} (t)] is the cross covariance matrix of the
reflected signal vectors for frequencies 7 and k. Since signal corre-
sponding to different frequencies experience distinct reflection coef-
ficients and propagation phase delays, the matrix R s diagonal
with complex entries. In practice, when perfect statistics is unavail-
able, the sample covariance matrices can be estimated using 7" snap-
shots as

1

T T
Rii = 3 > (0 (1) and Ra = 23wtk (0). @9)
t=1 t=1
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4.2. Effect of Spatial Oversampling on Identifiability

Now we analyze the effect of spatial oversampling of an antenna
array on its identifiability. By defining the received signal vector of
the virtual array S as
x(t) = B (t), x2(t), -, xr (] (26)
its covariance matrix is given as R, = E[x(t)x"(t)] € CV' ¥V,
The eigenvalues of R in descending order are given as y1 > v2 >
<e- 2L 2 YoL+1 = - -+ = yns. The largest L eigenvalues pertain
to the signal subspace while the remaining N’ — L eigenvalues be-
long to the noise subspace. It is well established that the array loses
its DOFs when some of the signal subspace eigenvalues fall beyond
a certain threshold and, subsequently, the covariance matrix loses its
numerical rank [28-30]. Note that the oversampled representation
of the virtual array S is equivalent to an integer array compressed by
a factor of 3, and the effect on the identifiability due to compression
was examined in [29] through the rank-revealing QR-decomposition
of the covariance matrix. If R, has a numerical rank  and there ex-
ists a permutation matrix IT such that performing QR-factorization
on R, IT yields
5 (1)  [R(12)
R,IT= QR = Q [RO gm] , @7)
and if yoin(RM) > [[R®? ||y such that @ € CV' >N is an
orthonormal matrix, R € CV XN s an upper triangular matrix,
R € €™ and R®? ¢ CV'=7*(V'=1) then (27) is said to
be a rank-revealing QR factorization of R,. From the eigenvalue
interlacing property [31], the spectral norm of R®? is chosen as
the threshold to evaluate the numerical rank of R. It was demon-
strated that, as the array is compressed, the smallest signal subspace
eigenvalues drop below the threshold and DOFs are lost.

4.3. Group Sparsity-Based DOA Estimation

By vectorizing the covariance matrix R.;; we have

Aiibi + oi , 1=k,
rix = vec(Rix) = {Akbk In N 2# . (28)
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Fig. 1: Comparison of multi-frequency sparse rational and integer arrays with group Lasso-based DOA spectra and CRB and RMSE versus

number of sources (SNR =5 dB, 7" = 5,000).

where A = [élk (91)7 cee A4k (0[,)] with a;x (91) = aj (01) ®
arp(0;) , by = Vec(Rgik)), and iy = vec(In). Here, A isa
virtual manifold corresponding to the augmented array with virtual
sensors obtained from difference lag set S; © Sy. To employ group
Lasso, we define 12 optimization vectors b,y of size G x 1, where G
is the number of grids across the DOA search space. The dictionary
matrix for the G-point search grid corresponding to A is given
as Djr. Deﬁning B = [bu, ey blj,bzl, ceey bik, sy b[]} c

coxr® , the group Lasso problem is formulated as [32]
1T
B=arg mBinZ ZHrik — Daxbir|[5+0|bir]|1.2, (29)
i=1 k=1
where 7 is the regularization parameter and || - ||1,2 is the 1,2 norm.
The estimated DOA vector across the G search grids is
- B|-1”
b= Bl 30)

max(|]§| - 112) ‘

5. SIMULATION RESULTS

In this section, we provide simulation results that demonstrate the
DOA estimation performance of multi-frequency sparse rational ar-
rays and compare it with the multi-frequency integer array counter-
part of an equal aperture.

We consider the physical array P as defined in (17). For the
rational array, we adopt the design outlined in Section III where I =
2 carrier frequencies are selected such that M; = 1.8 and M> =
3. In contrast, for the integer counterpart, the two frequencies are
chosen such that M{ = 2 and M3 = 3. This ensures that both arrays
share the same aperture size, thereby allowing a fair comparison of
their coarray properties. The sensor locations of the virtual array
corresponding to the two frequencies are respectively

S1 =1{0,2,4,8}d and S, = {0,3,6,12}d, (€3))
and the total integer virtual array from the two frequencies is
S"=1{0,2,3,4,6,8,12}d. (32)

The set of positive difference coarray lags of the virtual sensors in S’
is given as

D) ={0,1,2,3,4,5,6,8,9,10,12}d. (33)

It is noted that, due to the restrictive selection of parameters M{ and
M3 in this case, D’ contains less unique lags as compared to D

Fig. 1(a) and Fig. 1(b) show the DOA spectra for L = 12
uncorrelated signals uniformly distributed within the angular range
[-60°,60°]. The input signal-to-noise ratio (SNR) is 5 dB, and
T = 5,000 snapshots are used. Since there are seven virtual sen-
sors for both the rational and integer arrays as defined in (21) and
(32), the problem setup corresponds to an underdetermined DOA
estimation scenario. The DOA search grid is set to 0.01° , and the
regularization parameter is chosen as 7 = 20. It can be observed that
the multi-frequency sparse rational array successfully resolves all 12
sources, whereas the integer array fails to resolve several signals due
to its limited coarray structure.

Fig. 1(c) presents the CRB and the root mean square error
(RMSE) performance of multi-frequency sparse rational and inte-
ger arrays as the number of sources increases. The rational array
achieves significantly better CRB performance, particularly in high-
source scenarios, owing to its larger set of unique lags, which
improves identifiability. The RMSE results further validate this
advantage; the integer array exhibits rapidly increasing estimation
errors as the number of sources grows, while the rational array
maintains a lower RMSE. The RMSE is obtained by averaging over
100 independent Monte Carlo trials. These results confirm that the
rational array’s enhanced coarray structure enables accurate reso-
Iution of more sources with reduced estimation error, making it a
robust choice for high-resolution DOA estimation. Overall, the sim-
ulations confirm that multi-frequency rational arrays offer enhanced
identifiability and robustness compared to their integer counterparts.

6. CONCLUSION

This paper presented a multi-frequency sparse rational array frame-
work that leverages rational frequency ratios to achieve a spatially
oversampled virtual array. By restructuring the virtual array onto a
refined integer grid with reduced inter-element spacing, the proposed
approach increases the number of coarray lags, enhancing identifi-
ability and robustness in DOA estimation. Theoretical analysis and
simulations demonstrated that the rational array outperforms its inte-
ger counterpart, offering a richer coarray structure with more unique
lags. This enables the detection of more signals while maintaining
lower RMSE, as confirmed by CRB analysis. The results underscore
the superior identifiability and resolution of the rational array, par-
ticularly when the number of signals is high.
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