Higher-Layer Identical Partitioning of Integer Set
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Abstract—Partitioning a set of consecutive integers into mul-
tiple identical subsets with consecutive lags offers an effective
strategy for enabling multiple radars to share time and spectrum
resources, thereby improving spectrum utilization. While previ-
ous studies focuses on one- or two-layer partitioning schemes,
this paper extends these approaches to higher-layer identical
partitioning schemes. The goal is to increase the number of
subsets while maintaining a high count of consecutive lags within
each subset. The paper provides an analysis of the resulting
lag structures and formulates the optimization of partition-
ing parameters. A dimension-ordering strategy is proposed to
maximize the number of consecutive lags achievable by each
subarray. Additionally, practical design guidelines are developed
to facilitate an efficient search for optimal partitioning solutions.

Index Terms—Integer set partitioning, sparse arrays, sparse
waveform design, spectrum sharing, radar signal processing.

I. INTRODUCTION

Sparse array designs have become increasingly attractive in
modern radar and sonar systems as well as wireless commu-
nications since they allow for enhanced spatial resolution and
interference reduction capability with fewer physical sensors
[1]-[4]. Uniform linear arrays (ULAs) used in traditional
systems face severe restrictions on the achievable degrees
of freedom (DOFs) and suffer from mutual coupling effects
that negatively impact the performance of direction-of-arrival
(DOA) estimation and adaptive beamforming [5]. The devel-
opment of structured sparse arrays, such as nested arrays [6]—
[10], coprime arrays [[11]-[[16]], and maximum inter-element
spacing constraint (MISC) arrays [17]-[19], provide effective
solutions to these technical issues. In particular, the use of the
difference coarray concept enables achieving O(N?) DOFs
from NN physical sensors. Modern sensing and communication
applications greatly benefit from sparse sensor arrays and the
accompanies sparse signal processing techniques as a result
of increased array aperture, enhanced DOFs, and high design
flexibility [20].

Advancements in sparse array design and processing have
also inspired analogous approaches in radar waveform design.
For single-target or single-signal scenarios, a small number
of sinusoidal signals with mutually coprime frequencies can
enable unambiguous frequency and range estimation by lever-
aging the Chinese Remainder Theorem [21], [22]. Similarly,
structured array designs based on difference coarrays have
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influenced sparse waveform design, motivating the use of
thinned discrete frequencies and pulse patterns for target range
and Doppler estimation [23]-[27]. These sparse waveforms
consume fewer time and frequency resources, providing effi-
cient solutions to mitigate spectrum congestion as the number
of sensing platforms continues to grow.

Nevertheless, existing techniques only considered the sparse
array and waveform design for a single sensing platform.
Recently, the identical partitioning method introduced in
[28] provides a general framework that enables multiple
sensing platforms to fairly share spatial, temporal, and/or
spectral resources through sparse arrays and waveforms in
an interference-free manner. An extension of this concept,
referred to as identical division, is presented in [29]. The key
distinction between identical partitioning and identical division
is that the former requires every element in the original
consecutive integer set to be used exactly once, whereas the
latter allows some elements to remain unused.

In the above studies, nested configurations naturally divide a
one-dimensional (1D) set into two mirrored sparse subsets, and
their extension to two-dimensional (2D) as well as two-layer
architectures enables the generation of four identical subsets.
Building on this foundation, this paper extends the concept to
higher-layer identical partitioning schemes that create a larger
number of identical subsets and thus reduces the redundancy in
the rendered difference lags. The goal is to increase the number
of subsets while maintaining a high count of consecutive lags
within each subset. Another novel contribution of this paper is
the analysis of the resulting lag structures and the optimization
of partitioning parameters. We also develop a dimension-
ordering strategy to maximize the number of consecutive lags
achievable by each subarray. Additionally, practical design
guidelines are provided to facilitate the efficient search for
optimal partitioning solutions.

The remainder of this paper is structured as follows: Section
reviews the fundamentals of the existing single- and two-
layer partitioning schemes. Section presents the mathe-
matical model and methodology for three-layer partitioning
as well as a partition search method. Section provides
simulation results of the three-layer partitioning scheme and
its application to sparse waveform design for target range
estimation. The performance is compared to the two-layer
partitioning counterpart to verify the effectiveness of the three-
layer partitioning scheme. Section [V] concludes this paper.

Notations: We use lower-case (upper-case) bold characters
to denote vectors (matrices). (-)T denotes the vector transpose,
and vec(-) represents the vectorization operation. |Q| denotes



the cardinality of set @, and U denotes the union operator.
® and o denote the Kronecker product and generalized outer
product, respectively.

II. IDENTICAL PARTITIONING OF INTEGER SET
A. Single-Layer Partitioning

We begin with a brief review of the concept of 1D single-
layer two-subset partitioning scheme, where a consecutive
integer set is partitioned to two nested subsets [28]]. The two
subsets are identical (after rotation and shifting), and provide
the same consecutive difference lags.

An ordered integer set consisting of M consecutive integers,
Q = {1,2,...,M}, is divided into two non-overlapping
subsets, Q; and o, such that

Q=Q:UQy, (D

where Q1 and Q2 adopt a nested structure. We assume that
M > 6 is an even integer. The first subset Q;, which
consists of two consecutive elements, 1 and 2, forms the inner
group, whereas the outer group comprises an evenly spaced
selection of elements separated by an interval of 2. Denoting
N = (M —4)/2 as the number of elements in the outer group,
the locations of the |Q;| = N + 2 elements are given as

Q ={1,2,4,6,...,2N,2N + 2}. )

Similarly, the second subset Q5 consists of the same number
of N + 2 elements located at

Q ={3,5,7,...,2N —1,2N +1,2N + 3,2N + 4}. (3)

Both subsets inherit consecutive difference lags ranging from
—2N —1to 2N +1. As such, any consecutive integer set with
an even number of elements can be systematically partitioned
into two nested subsets.

For notation convenience, we define the following M x 1
masking vectors

1, if ke,

with g = 1,2 for subsets Q; and Qs.

B. Two-Dimensional Partitioning

The 1D single-layer partitioning scheme is extended to a 2D
setting by extending the nested construction independently in
two directions, denoted as z and y. Consider a 2D integer
set Q = QM x QP with sizes |QU| = MM = 2N 44
and |QP?)| = M? = 2NP + 4 in the respective dimensions.
In each dimension, QI is partitioned following the same
procedure as described in Section II A for ¢ = 1,2. In this
case, the mask can be represented as a matrix, given as

1 (2"
My, g, = my, (mgg) ; )

where g1 € {1,2} and g5 € {1,2}. As such, we obtain four
identically partitioned 2D subsets.

C. Two-Layer Partitioning

Vectorizing the 2D subsets forms a structured two-layer
configuration. Vectorization of M, ,, yields an M1 x 1
vector

rhgl,gz = VeC(Mgl,gz) = mﬁ] ® mgll] (6)
for g1 € {1,2} and go € {1,2}. As such, we obtain four
subsets of 1D two-layer super-nested partitioning from a 1D
consecutive integer set.

III. THREE-LAYER PARTITIONING

The two-layer partitioning scheme discussed in the previous
section provides a structured way to form four subsets by
combining two 1D nested sequences along two orthogonal
directions. While the effectiveness of this approach and its
identical division variation has been demonstrated in [28]—
[30], the two-layer structure offers limited flexibility in further
dividing resources, rendering it less effective, particularly
when the integer set is large. To enable a greater number
of subsets and introduce design flexibility, we extend the
hierarchical formulation to higher-layer configurations.

In this section, we describe the formulation of a three-layer
framework that generalizes nested partitioning to support a
scalable and structured decomposition. In the next section, we
present its optimization and discuss its further extension to a
four-layer partitioning scheme.

A. Three-Dimensional Partitioning

We first consider a three-dimensional (3D) partitioning
scheme as an extension of the 2D counterpart. Define a
3D integer set Q = QM x Q[ x QB! with dimensions
MW = 2N 4 M@ =2NB 4 4, and MBI = 2N 4 4
respectively along the z-, y-, and z-directions. Define the g-th
nested subset in the z-, y- and z-directions as Q_E,l], (@?], and

E’], respectively, each specified by a binary mask defined as

1, ifkeQl,
(k) :{ 0

mg’]

. (7
0, if k¢ QL
for n € {1,2,3} and g € {1, 2}.

By taking the outer product of m[gl], m[g2], and m[g3], we
obtain 8 identical 3D subsets. The corresponding mask tensor
is given as

M!h,gz:gS = m[gl1] ° m[922] © mL?;J’ (8)

where g1, g2, 93 € {1,2}. An example is shown in Fig. 1| for
the case of NIl =2, NP2 =1, and NBJ = 1.
B. Three-Layer Super-Nested Partitioning

To obtain 1D super-nested partitioning scheme from the 3D
partitioning results, the tensor Mg, 4, 4, 1S vectorized as

ﬁlghgmgg = VeC(Mghgm%) - mE;] ® mﬁ] ® m[gl1] (9)

We refer to this as three-layer super-bested partitioning of a
1D consecutive integer set. It is noted that, considering that
NI > 1, N2 > 1, and NBl > 1, the minimum number of
elements in the original consecutive integer set is 216.



Fig. 1: Example of 3-D partitioned subsets with N1 = 2,
NPl =1, and NP = 1. Black dots indicate present elements.
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Fig. 2: Example of eight 1D subsets obtained from 3-layer
partitioning. Black lines indicate the positions of present
elements.

C. Optimized Three-Layer Partitioning

To analyze the performance of the three-layer structure
under fixed total element constraints, we derive the relationship
between layer dimensions and the resulting resolution. In
particular, we focus on the maximum consecutive difference
lag L.,.x, which serves as a key measure of the achievable
resolution.

The three-layer super-nested partitioning scheme extends
nested partitioning to construct eight subsets as illustrated in
Fig. 2| The total number of elements in the full set is given
by

M = (2N 4 4)2NE 4 4)(2NB + 1), (10)
The number of elements in each subset is
Mapeer = (N +2)(NPL - 2)(NFT+2), (1)

and the number of the resulting maximum consecutive differ-
ence lags is

Lo = (2N + 4) [(2NE + 4)2NB) 1) + (282 4 1)
+(@NW 1), (12)

Since N, NI NBI are discrete variables, we quantify
their impact on L,,,x using forward finite differences. The
difference represents the change in L,,,x When a specific N (4]
with ¢ € {1, 2,3} is incremented by 1 while keeping the other
two fixed. The differences due to a unit change in these three
indices are respectively given by:

ALD = sNEING] 4 gV 4 168D 4 12, (13)
AL = sNUINB 4 gNI 4 16N 4 16, (14)
ALBL = sNIINE L 16N 416N 432, (15)

The constant term in ALE’,LX is 32, which is the largest
among all three forward finite difference results. This indicates
that, for any reference pair of N[, incrementing N®/ alone
yields the fastest increase in Ly ,x. Additionally, the linear
coefficients associated with NI and N2 in ALELX are 16,
which are twice as large as the corresponding coefficients 8 in
ALQILX and ALE]&X. This amplifies the sensitivity of Lyax
to changes in N compared to N[ and N2, Similarly,
applying the same comparison between ALL[Q]]ax and ALEl]aX,
we observe that ALLZMX has a larger constant term than
AL,[IIILX, making it more sensitive to the unit increment.

Therefore, we can observe from the above analysis that,
when NI < N < NBI [ reaches its maximum value.
Table [I] presents the case where the total number of elements
M 1is set to 2160, along with all corresponding N [ values
that satisfy this constraint. From the table, we observe that the
configuration (N1, N2l NIy = (1,1, 28) yields the highest
Lp.x = 2073. This aligns with the theoretical insight that
allocating a larger value to NI is beneficial, as the third
layer has the highest impact on L,,x. Other top configura-
tions such as (1,3,16) and (1,4, 13) also follow the pattern
NI < N 2] < N (31, ensuring that N Bl is prioritized, but
because they do not maximize N Bl their resulting Ly, will
is slightly lower than that of the top choice. Comparatively,
configurations where N 1 or N2 becomes larger, such as
(4,1,13) or (1, 7,8), also lead to a reduced L,,.x. We also plot
the difference lags for several representative configurations in
Fig. 3] which agree with the above discussion. This obser-
vation further reinforces the conclusion that maximizing N3]
while maintaining a non-decreasing ordering across N, N2},
and NP is an effective strategies to optimize the maximum
consecutive lags.

D. Constraint-Based Partition Search Method

We propose a method that, given the total number of
elements M, efficiently determines the optimal three-layer
partitioning. We apply a constraint-based partition search
method to reduce the search space. It begins by enumerating
candidate values of M1 (e.g., 6, 8, 10, ...) in ascending order.



TABLE I: All (N1, NI NBl) Combinations for
M = 2160 and the Corresponding L.« Values

(NOTNBREUNBD T Loy || (NALNEDNBD | Lijnax
(1, 1, 28) 2073 3,7, 4) 1777
(1, 3, 16) 2025 (7,3, 4) 1761
3,1, 16) 2017 (13,1, 4) 1737
{, 4, 13) 2001 , 16, 3) 1713
4,1, 13) 1989 4,7,3) 1701
1,7,8) 1929 (7, 4, 3) 1689
(1,8, 7) 1905 (16, 1, 3) 1653
(7, 1, 8) 1905 (4,13, 1) 1413
(3,4,7) 1897 (7,8, 1) 1401
4,3,7) 1893 8,7, 1) 1397
8, 1,7 1877 (28,1, 1) 1317
(1,13, 4) 1785

For each candidate, we check whether M mod M1 = 0,
ensuring that the total element count is divisible by M,
and whether the resulting quotient M /M is divisible by 4,
ie., (M/M!™)mod 4 = 0, so that it can be split into even
M2 and MBIl values. If either condition fails, the candidate
is discarded.

Consider an example where M = 10000. When M1 = 8,
we obtain M /M (1] = 1250, which is even but is not divisible
by 4. Thus, this configuration is rejected. Instead, when we
choose M = 10, the resulting M/M!™ = 1000, which
is divisible by 4 and is therefore acceptable. Following the
constraint N1 < N2 we select the smallest feasible M2 =
10, yielding the final configuration as (M, M2 ABl) =
(10,10, 100). This partition search method eliminates invalid
configurations early and significantly reduces the brute-force
complexity from O(M) to O(v/M), while ensuring balanced
and valid three-layer allocations.

E. Extension to Higher Layers

The same partition search method used in three-layer parti-
tioning can be extended to higher layers, while maintaining
balanced subset allocation and computational efficiency. In
general, an M-element consecutive integer set Q can be
partitioned into 2% subsets in a K -layer partitioning scheme,
provided that (M mod 2X) = 0. To ensure feasible parti-
tioning, the minimum total number of elements M required
for a K-layer partitioning structure is given by M, = 6.
For instance, three-layer partitioning requires at least 216
elements, while four-layer partitioning requires at least 1296
elements.

It is also noted that the practical advantage of adopting a K-
layer partitioning over a lower-layer structure becomes signif-
icant only when M is sufficiently large. If M is equal or only
slightly exceed 6%, L. offered by a K-layer partitioning
is smaller than that offered by a (K — 1)-layer counterpart.
For example, when M = 216, a two-layer configuration
with (NI N = (1,16) provides L. = 201, while the
corresponding three-layer configuration (N, NI NBl) =
(1,1,1) provides Lyax = 129, with the three-layer structure
generating eight subsets compared to four in the two-layer
case. Thus, it diminishes spectral diversity and degrades per-
formance. Therefore, meaningful benefits of K-layer struc-
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Fig. 3: Lag plots for different (N1*, NI, N3!) combinations.

tures emerge when M is considerably larger than 67, allowing
for a sufficient number of subsets to 2 compared to 251!
while keeping performance acceptable, as illustrated through
numerical examples in Section

IV. SIMULATION RESULTS

In this section, we consider a step-frequency radar model
that partitions the available bandwidth into multiple non-
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Fig. 4: Degradation trend versus the number of elements.

overlapping step-frequency subsets, allowing multiple radar
units to operate simultaneously without mutual interference
[28]].

A step-frequency radar uses an equally spaced step-
frequency waveform, where the available bandwidth B is
divided into Ny frequency bins with a step-frequency

_ B
=N,
As such, each transmitted pulse corresponds to a discrete
frequency index [ with center frequency f; = fo + (I —1)fa
for k=1,---,Ny.

When all the step frequency bins are used by a single
radar, the synthetic range resolution obtained by coherently
processing the return signal from a target corresponding to
these Ny pulses is given as

fa (16)

c
AR= — 17
5 a7
and the maximum unambiguous range is
c
Rm X — 5 18
ax = 5p0 (18)

where ¢ = 3 x 108 m/s is the speed of electromagnetic waves.

When identical partitioning is applied, the Ny frequency
bins are assigned to multiple radars. Denote Q = {1,--- , N;}
and assume that |Q| = N; > 6% is divisible by 2%, we can
form 2K identically partitioned subsets, each to a radar, i.e.,
the i-th radar uses frequency bins with indices k& € Q;.

As such, the maximum number of consecutive difference
lags L,ax determines the number of consecutive frequency
bins and, subsequently, the effective bandwidth of each subset
is given as

Bgubset = Lmafoa

which directly determines the radar’s range resolution.

For simulation, we consider a full bandwidth of B = 1.5
GHz, divided into Ny = 3000 frequency bins, rendering in a
step frequency of fa = 0.5 MHz. For single-radar operation,
the full bandwidth provides a range resolution of AR = 0.1
m and a maximum unambiguous range of R .x = 300 m.
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Fig. 5: Performance of two-layer and three-layer.

Under two-layer partitioning, the frequency bins are divided
into four identical subsets, each containing 750 frequency bins.
The optimal configuration with N[ = 1 and NP = 248
yields Ly.x = 2985, which corresponds to only a 0.5% re-
duction relative to exclusive single-radar use. In this case, each
radar attains an effective bandwidth of Bgypset = Limaxfa =
1492.5 MHz obtained from the correlation lags, and the
corresponding range resolution is A Rgypse¢ = 0.1005 m.

When three-layer partitioning is applied, the same spectrum
can support eight radars, each assigned 350 frequency bins. In
this case, the optimal configuration with N =1, NBI = 3,
and NBI = 23 yields a maximum lag span of L., = 2865
frequency bins. This corresponds to a 4.5% reduction relative
to single-radar use and about a 4.0% reduction compared

TABLE II: Two- and Three-Layer Partitioning: Number of
Frequency Bins versus Range-Resolution Degradation

Ny Two-layer | Three-Layer | Degradation
216 1.4925 m 2.3256 m 55.82%
288 1.0989 m 1.4925 m 35.82%
480 | 0.6452 m 0.8130 m 26.01%
960 | 03175 m 0.3534 m 11.31%
1200 | 0.2532 m 0.2817 m 11.26%
2000 | 0.1514 m 0.1688 m 11.49%
3000 | 0.1005 m 0.1047 m 4.18%




with the two-layer partitioning case. The resulting effective
bandwidth is Bgpsee = 1432.5 MHz, leading to a range
resolution of 0.1047 m.

Table [II] compares the range resolution between two-layer
and three-layer partitioning, assuming optimal parameter se-
lection in both cases. The degradation ratio against the value
of Ny is plotted in Fig. [ To visualize the asymptotic trend,
a curve fitted via nonlinear least squares regression using a
power function model is included. The loss decreases rapidly
as Ny increases, confirming that three-layer structures become
increasingly efficient for large-scale array deployments.

To demonstrate the range estimation performance in a
challenging multi-target scene, we consider five closely
spaced targets whose separations are randomly distributed
between 0.5 m and 0.8 m. The radar systems with both
the two- and three-layer partitioning schemes operate with
the same step frequency and maximum unambiguous range.
As shown in Fig. [5| where the targets are located at
{228.0, 228.8, 229.4, 230.2, 230.7} m, both partitioning
schemes successfully resolve the five distinct peaks despite
the close spacing. Although the three-layer partitioning the-
oretically yields a slightly coarser resolution, the observed
degradation is nearly negligible. This confirms that the three-
layer structure effectively doubles the number of available
subsets, thus supporting more simultaneous radar operations
while maintaining high-resolution performance comparable to
the two-layer counterpart.

V. CONCLUSION

This paper introduced a three-layer super-nested subset
partitioning framework that generalizes single- and two-layer
partitioning schemes. We derived optimal parameter selections
to maximize the lag span for each subset, providing guidance
for efficient resource allocation under a constrained total ele-
ment count. To address computational challenges, a partition
search method was implemented to systematically reduce the
search space. Simulation results quantified the performance
degradation of the three-layer structure and show that, for
large-size integer sets, the degradation is negligible, while
enabling a greater number of radars to operate simultaneously
without interference.
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