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ABSTRACT

This paper proposes a novel approach for the direction-ofarrival (DOA) estimation of nonstationary signals. The
proposed technique assumes signals characterized by instantaneous frequency (IF) laws and exploits IF estimates
for improved DOA estimation. The focus is on achieving resolved and accurate DOA estimates for weak and
closely spaced sources which demonstrate highly nonlinear
and closely spaced time-varying IF signatures. The DOA
estimation of a particular source is achieved by demodulation or stationarization of its signature and separating it
from those of other sources. The source separation relies
on the narrowband property of the demodulated signature
and leads to improved signal-to-noise ratio (SNR). The effectiveness of the proposed technique, in providing robust
DOA estimation, is veriﬁed by simulation results.
1. INTRODUCTION
Time-frequency (TF) analysis is a powerful technique to analyze nonstationary signals. In particular, for nonstationary signals that can be characterized by their instantaneous
frequencies (IFs), selection of TF regions around the IFs
retains high signal energy concentration and thus results
in signiﬁcant signal-to-noise ratio (SNR) enhancement [1].
When a multi-sensor array is involved, a spatial TF distribution (STFD) matrix constructed from these selected TF
regions oﬀers more robust signal and noise subspace estimation. Within this framework, subspace-based direction-ofarrival (DOA) estimation techniques achieve improved performance, especially when signal arrivals are of weak power
and/or closely spaced [2, 3, 4]. In addition, the capability of
selecting speciﬁc TF regions allows source discrimination,
enabling improved DOA estimation with a reduced number
of sensors.
The capabilities of SNR enhancement and source discrimination are limited by the size of the window emphasizing the local properties [1, 3]. Typical bilinear TF representations achieve best resolution in the joint TF domain when
the IF signatures have linear behaviors and long windows
can be applied. For signals whose IFs are highly nonlinear,
the achievable SNR gain, associated with short windows,
may be limited. Further, for close IF signatures, arising
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due to multiple sources, target maneuvering behaviors, or
multipath propagation, applying a small window may not
successfully separate the IF signatures in the TF domain
for source discrimination. The problem becomes even more
compounded with the existence of cross-terms due to bilinear TF transforms.
The objective of this paper is to achieve resolved and accurate DOA estimation for challenging scenarios associated
with weak and closely spaced sources which have highly
nonlinear and closely separated IF signatures. Note that,
in practice, the source signals can be either active emitters
or maneuvering targets, reﬂecting signals transmitted from
a radar. In the latter case, the IF signatures are due to
the Doppler frequency of moving/maneuvering targets and
possibly depend on the environment (e.g., the ionosphere
variation in over-the-horizon radar systems [5]). In this paper, we propose a novel approach, referred to as the signal
ﬁltering MUSIC (SF-MUSIC), which exploits the IF estimates for coherent array processing. Toward this end, an
estimate of the IF signatures is ﬁrst obtained for each source
signal from the data received at all antennas [6, 7]. One IF
signature is selected for respective source DOA estimation.
Demodulation or stationarization of this signature is then
performed by multiplying the data by the conjugate of the
instantaneous phase estimate. The stationarized signature
is, therefore, conﬁned within a narrow vicinity of the direct
current (DC) frequency [7]. Long window and lowpass ﬁlters (LPFs) can then be applied to separate the signature
of interest from those of other sources and concurrently enhance SNR. Notice that the same waveform is applied at all
array sensors for stationarization and, therefore, the spatial
phase information across the array is preserved. Unlike the
bilinear TF analysis based techniques, the proposed SFMUSIC technique only involves linear operations and, as a
result, do not generate cross-term TF artifacts.
As is well known, DOA estimation performance degrades
rapidly when the sources have close angular separation [8,
9]. The above source discrimination, through signature
demodulation and ﬁltering, allows DOA estimation to be
processed for individual sources. The proposed SF-MUSIC
achieves robust DOA estimation capability of multiple nonstationary sources in a low SNR environment and extends
the applicability of array signal processing to a class of DOA
estimation problems which cannot be eﬀectively tackled by
existing techniques.
It is important to notice the diﬀerence between the signal IF characteristics used in the proposed SF-MUSIC technique and the known signal waveforms used in maximum

likelihood (ML) DOA estimations [10, 11]. The assumption
made in this paper is much more relaxed. Unlike the ML
methods with known waveforms [10, 11] that assume precise knowledge of waveforms of all signals and is sensitive
to phase estimation errors, our method only assumes IF estimates with high, but not necessarily perfect, estimation
accuracies. In practice, IF and phase estimation is limited
by frequency resolution, noise and other perturbations. As
such, our method is applicable to situations where the signal waveforms cannot be perfectly reconstructed due to IF
and phase estimation inaccuracy.
Notations. A lower (upper) case bold letter denotes a vector
(matrix). E[·] represents statistical mean operation. (·)T
and (·)H respectively denote transpose and conjugate transpose operations. IN expresses the N × N identity matrix,
and 1 denotes a vector with all 1 elements. In addition,
CN×M denotes the complete set of N × M complex entries,
and [A]m,n denotes the (m, n)th element of matrix A.
2. SIGNAL MODEL
Consider K narrowband nonstationary signals impinging
on an array consisting of N sensors. For simplicity and
without loss of generality, we assume a one-dimensional (1D) DOA estimation problem, i.e., only the azimuth angle
is considered. The N × 1 received data vector x(t) and the
K × 1 source signal vector d(t) are related by
x(t) = A(θ)d(t) + n(t),

t = 1, ..., T,

(1)

where t is the time index, A(θ) = [a(θ1 ), ..., a(θK )] ∈ CN×K
is the mixing matrix that holds the steering vectors of the
K signals, θ = [θ1 , ..., θK ], and a(θk ) is the steering vector
for the kth source, dk (t), that arrives from direction θk . T
is the number of observation samples. n(t) ∈ CN×1 is an
additive noise vector that consists of independent and identically distributed (i.i.d.) zero-mean, white and complex
Gaussian processes with variance σn2 IN . The noise elements
are assumed to be independent of the signals.
In this paper, we assume that each element of d(t) =
[d1 (t), ..., dK (t)]T is a mono-component frequency modulated (FM) signal. Depending on the signal waveforms,
the FM signal can be modeled as a sinusoidal, linear FM
(LFM, also referred to as a chirp), higher-order polynomial
phase signal (PPS), or any kind of mono-component signals with clear IFs. In our work, the FM signals may be
subject to slowly time-varying amplitudes due to, for example, target radar cross-section (RCS) ﬂuctuation associated
with target maneuvering or channel variation in a dynamic
environment (e.g., ionosphere variation in over-the-horizon
radar (OTHR) systems). Thus, the FM signals can be modeled as
d(t) = [d1 (t), ..., dK (t)]T = [D1 (t)ejψ1 (t) , ..., Dk (t)ejψK (t) ]T ,
(2)
where Dk (t) and ψk (t) are the constant or slowly timevarying amplitude and time-varying phase of the kth source
signal. For each sampling time t, dk (t) has an IF of fk (t) =
dψk (t)/(2πdt), provided that the frequency perturbation
due to the amplitude variation is insigniﬁcant.

3. PROPOSED TECHNIQUE
The proposed technique consists of the following main steps:
IF signature estimation, signal stationarization, signal ﬁltering, and DOA estimation. The details of these steps are
discussed in this section.
3.1. IF Signature Estimation
Several techniques have been developed to estimate the IF
signatures of FM signals. In our problem, we deal with a
mixture of multiple mono-component FM signals observed
in an array of antennas. In a narrowband scenario, the mixtures observed at all the array sensors have the same IFs.
Therefore, it is beneﬁcial to combine, coherently or noncoherently, the data received across the array, especially when
the signals are very noisy. Space-time adaptive processing
(STAP) is usually performed as means of coherent combining [12]. On the other hand, the summation of bilinear TF
distributions (or the magnitude of linear TF distributions)
over all array antennas yields noncoherent signal signature
enhancement [13, 14]. It is also shown in [15, 16, 17] that
the data received at multiple sensors of an array or MIMO
radar platforms can be used to enhance autoterm components against crossterms and noise.
For multi-component FM signals, parametric methods
that estimate the IF through polynomial phase transform
or Hough transform are eﬀective [18, 19, 20]. The warped
high-order ambiguity function can be used to estimate the
polynomial phase coeﬃcients [20, 21]. An FM signal with
a complicated IF law can be segmented into multiple overlapped time frames so that each segment can be represented
by a low-order polynomial phase signal. The polynomial
phase coeﬃcients obtained at each time frame is merged to
achieve the global phase behavior [7, 21].
In this paper, we assume that the Doppler IF signatures
of all signal component have been resolved through a successful application of one of the aforementioned techniques.
As a result, the IFs of all signal arrivals are estimated with
high, but not necessarily perfect, accuracies.
3.2. Signal Stationarization
For a speciﬁc signal k ∈ [1, ..., K], the phase estimate ψ̂k (t)
can be computed through the integral of the corresponding
IF estimate fˆk (t). Then, the IF signature of the kth signal
can be stationarized by performing the following demodulation operation:
x̂[k] (t) = x(t)e−j ψ̂k (t)
L

= D̂k (t)ak +
Di (t)ej[ψi (t)−ψ̂k (t)] a(θi ) + n̂[k] (t),
i=1,i=k

(3)
j(ψk (t)−ψ̂k (t))

[k]

−j ψ̂k (t)

and n̂ (t) = n(t)e
.
where D̂k (t) = Dk (t)e
Therefore, the selected kth signal, D̂k (t), becomes almost
stationary, whereas the other signal components will have
nonzero frequencies whenever fi (t) = fˆk (t) ≈ fk (t) for i = k
is satisﬁed.

3.3. Signal Filtering
The objective of this step is to enhance the selected signal
and mitigate other signals as well as interference. If the
waveforms of all signals are precisely known, we can apply the ML methods assuming known waveforms [10, 11],
or achieve perfect suppression of unselected signals by projecting the received signal vector to the null space of the
unselected signals.
In this paper, however, we assume that the IF and phase
estimates may be perturbed due to frequency resolution,
noise and other factors. Our approach is rather based on
frequency-domain ﬁltering. Due to the previous stationarization step, the selected signal now lies within a narrow
vicinity of the DC frequency. Assume that the IFs of all signals do not overlap. Accordingly, the demodulated IF components, other than the selected signal, are located away
from the DC frequency region and can be removed using a
properly designed low-pass ﬁlter (LPF).
Since the IFs of all signals are known, one can design the
LPF such that the main- and side-lobes of the unselected
signals do not interfere with the selected signal. Ineﬀective
removal or suppression of other signals causes bias in the estimated DOA of the selected signal. Further, the passband
selection should consider the accuracy of the IF estimates.
A narrow passband yields better SNR enhancement and signal discrimination, particularly when the IFs of unselected
signals are close to that of the selected signal.
Consider for example that the entire data vector of
length T is divided into P = T /Q nonoverlapping segments, where Q is the segment length. Low-pass ﬁltering
is achieved by summing the data in each segment, after a
proper window w = [w1 , ..., wQ ]T , such as the Hamming
window which conﬁnes the sidelobe under −40 dB, is applied. Summing the signal x[k] (t) with a window w applied
in the pth segment, p = 1, ..., P , we obtained
y[k] (p) =

1
Q

pQ


wq x[k] (q) = D̄k (p)ak + n̄[k] (p), (4)

q=(p−1)Q+1

where
pQ

D̄k (p) = (1/Q)



wq D̂k (q), n̄[k] (p) = (1/Q)

q=(p−1)Q+1

pQ



wq n̂[k] (q).

q=(p−1)Q+1

Notice in the above expression that the unselected signal
components are removed due to signal ﬁltering. Also, D̄k
becomes D̄k = (1/Q)wT 1D̂k when D̂k (t) = D̂k is a constant.
3.4. DOA Estimation
Because y[k] (τ ) only involves a single source, a number of
methods can be used for DOA estimation. For analytical
convenience and without loss of generality, our approach is
developed based upon the MUSIC technique and is referred
to as SF-MUSIC. Extension to other prototype DOA estimation techniques, such as root-MUSIC and ESPRIT, is
straightforward.
Construct the following covariance matrix
R[k]
y

=

P

p=1

[k]

[k]

H

y (p)[y (p)] .

(5)

Denote Ĝ as the matrix that spans the noise subspace of
[k]
Ry , the SF-MUSIC method identiﬁes the DOA by ﬁnding
the peak of the following pseudo spatial spectrum:
f (θ) = [a(θ)H ĜĜH a(θ)]−1 .

(6)

4. PERFORMANCE ANALYSIS
Consider a uniform linear array (ULA). When classic MUSIC is applied to x(t) which contains K signals, the variance
of the estimated spatial frequency, ωk = 2πfc d sin(θk )/c, is
given by [8]
varMU (ω̂k ) =

1 aH (θk )UaH (θk )
,
2T
h(ωk )

(7)

for k = 1, ..., K, where fc is the carrier frequency, c is the
propagation velocity, d is the interelement spacing,
K


λi
2
H
U = σn
si si ,
(8)
(σn2 − λi )2
i=1
h(ωk ) = dH (ωk )GGH d(ωk ), and d(ω) = da(θ)/dω is the
derivative of the steering vector relative to the spatial frequency. S = [s1 , ..., sK ] spans the signal subspace of Rx =
E[x(t)xH (t)], and G spans the noise subspace of Rx . λi is
the corresponding eigenvalues of Rx corresponding to the
ith signal subspace eigenvector, 1 ≤ i ≤ K.
When the K signals are uncorrelated, the above result
can be simpliﬁed as [8]


[AH A]−1
1
1
k,k
·
,
(9)
1+
varMU (ω̂k ) =
2T γk h(ωk )
γk
where γk is the input SNR of the kth signal. In particular, for a single-source scenario (K=1), [AH A]k,k =
aH (θk )a(θk ) = N , then we have


1
1
1
·
varMU (ω̂k ) =
1+
.
(10)
2T γk h(ωk )
N γk
For the proposed SF-MUSIC technique, by noting the
fact that only a single signal is chosen from multiple sources
in presence, and a single data is yielded in each of the P nonoverlapping segments, the variance of the estimated spatial
frequency becomes


1
1
1
varSF (ω̂k ) =
·
,
(11)
1+
2P γ̃k h̃(ωk )
N γ̃k
where γ̃k is the SNR of the kth source as evaluated in (4)
for each sensor, and h̃(ωk ) = dH (ωk )G̃G̃H d(ωk ) is similarly
deﬁned with respect to y[k] (p) with a single source selected.
For constant D̂k (t) = Dk , the SNR γ̃k is evaluated as

2


 Q

wq  Dk2

2


q=1
D̄

γ̃k =  k 2 = 
= βQγi ,
(12)

 [k] 
Q

 2
E n̄l (p)
2
w σ

q=1 q  n
where β is a scalar depending on the window being used.
For a rectangular window, β takes a value of 1, whereas
for the Hamming window, the value of β is plotted in Fig.

1 for diﬀerent window length. When a large size window
is used, this would only yield 16% of RMSE performance
degradation. Substituting (12) to (11), and noticing T =
P Q, we have


1
1
1
·
.
(13)
1+
varSF (ω̂k ) =
2βT γk h̃(ωk )
βN Qγk
5. REMARKS
Note that, for LFM signals, the fractional Fourier transform (FrFT) rotates the signal signatures in the TF plane
and thus enables their stationarization. In this sense, the
proposed technique can be considered as an extension of
FrFT-based DOA estimation techniques (e.g., [22]).
On the other hand, the proposed technique is much simpler than the TF-MUSIC [3, 23] because computations of
the STFD matrices are not required. For highly nonlinear Doppler signatures, the applicable window size in the
TF-MUSIC is limited by the time-varying Doppler signature and the TF kernel. SF-MUSIC can use a much larger
window size due to the removal of the nonlinear phase components. Notice that the window size not only aﬀects the
achievable SNR, but also determines the frequency-domain
resolution and thus the signal discrimination capability.
6. SIMULATION RESULTS
Two simulations are performed to compare the performance
of the proposed SF-MUSIC to conventional MUSIC. A 6element uniform linear array with half-wavelength interelement spacing is used for DOA estimation.
In the ﬁrst experiment, we consider a single source,
which shows a sinusoidal IF signature:
f (t) = fm sin(2πt/T ),

(14)

where fm is set to 0.4, and T is the number of samples,
which is chosen to be 512 in our example. The IF signature
of the source signal is shown in Fig. 2(a). The short-time
Fourier transform (STFT) magnitude of the noise-free signal is shown in Fig. 2(b), where the window length is 64.
Note that a large window will results in data smearing in
the TF domain. The STFT magnitude of the stationarized
signal is shown in Fig. 2(c), where the window length is 512.
The signal is well resolved with a high SNR enhancement.
The RMSE of the DOA estimates is shown in 3, where the
true DOA of the signal is 44o . We assume P = 1, and
a rectangular window of length Q = T is applied for the
SF-MUSIC. The results are obtained by averaging over 200
independent trials. It is evident that the SNR enhancement
in the SF-MUSIC extends the linear relationship between
the logarithm RMSE and the dB level of the input SNR in a
low SNR regime, and outperforms the conventional MUSIC
in this regime.
In the second example, two FM signals are considered.
In addition to the one considered above, we add another
signal which is obtained by shift the ﬁrst signal by 0.0045 at
the frequency domain. This diﬀerence makes the unselected
signal, after stationarization, appears in the second sidelobe
at the DC frequency if Fourier transform is performed with
a rectangular window. The IFs of the two source signals

are depicted in Fig. 4(a). The STFT magnitude of the
noise-free signal received at the ﬁrst array antenna is shown
in Fig. 4(b), where the window is 64. The stationarized
IF signatures and the corresponding STFT magnitude are
respectively shown in Figs. 4(c) and 4(d), where a Hamming
window with size 512 is used in the latter plot. The true
DOAs of the two signals are 44o and 46o , respectively.
In Fig. 5, we compare the pseudo-spectra of the conventional MUSIC and the SF-MUSIC, which are computed at
input SNR of 0 dB. Again P = 1 is assumed, and a Hamming window and a rectangular window of length Q = T
are respectively applied for the two sets of SF-MUSIC spectrum plots. It is clear that the conventional MUSIC does
not resolve the two signals because of their close spatial separation. On the other hand, SF-MUSIC achieves resolved
DOA estimation because of its source discrimination capability. SF-MUSIC using a rectangular window shows bias
of the spectrum peaks towards the DOA of the other signal.
The RMSE of the DOA estimates of the ﬁrst signal is shown
in 6. The conventional MUSIC shows a 1o error ﬂoor over
the SNR range being computed because of the unresolved
DOA estimates. The SF-MUSIC methods achieve significant improvement because they take advantages of both
source discrimination and SNR enhancement. SF-MUSIC
with the use of a rectangular window achieves almost the
same performance as in the single-source case at the low
SNR regime, but it suﬀers from an error ﬂoor of about 0.16o
because of the sidelobe leakage from the unselected signal.
SF-MUSIC using a Hamming window does not suﬀer from
this problem over the entire SNR range being investigated,
but the performance slightly degrades because of the energy
loss, represented by the factor β, as discussed in Section 4.
To show the sensitivity of ML method to the estimation
error of the assumed known waveforms, Fig. 6 also includes
the RMSE of the ML method, where a 5o error yields a
ﬂoor of approximately 0.63o . On the other hand, the performance of the proposed technique is not aﬀected by a
phase estimation error.
7. CONCLUSION
In this paper, we have developed a new technique for the
direction-of-arrival (DOA) estimation of nonstationary signals that are characterized by their instantaneous frequencies (IFs). The proposed technique comprises four steps of
IF estimation, stationarization, ﬁltering, and DOA estimation. By exploiting coarse estimates of the IF signatures,
the proposed signal-ﬁltering based DOA estimation technique resolves closely spaced sources of closely separated IF
signatures. Two simulation examples were given to demonstrate the eﬀectiveness of the proposed technique.
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Figure 5: Pseudo-spectra of conventional MUSIC and SFMUSIC (SNR=0dB). Top: conventional MUSIC; Middle:
SF-MUSIC with Hamming window; Bottom: SF-MUSIC
with rectangular window.

(b) STFT magnitude of original signals (window length
64)

2

10

Conventional MUSIC
SF−MUSIC (Hamming)
SF−MUSIC (rectangular)
ML (5 deg phase error)

0.1
source 1
source 2

0.08

1

10

0.06

RMSE (deg)

stationarized frequency

0.04
0.02
0

0

10

−0.02
−1

10
−0.04
−0.06

−2

−0.08
−0.1
0

10
−20
50

100

150

200

250
time

300

350

400

450

−15

−10

−5
input SNR (dB)

0

5

10

500

(c) IF signatures stationarized by the 1st signal

Figure 6: Comparison of RMSE of the estimated DOA (two
source case).

