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Abstract—We investigate selection beamforming for a coop-
erative network that consists of a source, a destination, and two
amplify-and-forward (AF) relays, which are all equipped with
multiple antennas. The transmit and receive beamforming tech-
niques are respectively applied at the source and destination, and
the linear processing operator of the selected AF multiple-input
multiple-output (MIMO) relay is optimized. We consider that
the source has the instantaneous channel state information (CSI)
of the channels from the source to relays but no information
regarding the CSI of the channels from the relays to the desti-
nation. Partial relay selection (PRS) is employed, i.e., the source
routes its information signal to the relay which offers better
first-hop signal-to-noise ratio (SNR). Considering a Rayleigh
fading environment, we derive an exact closed-form expression
for the outage probability at the destination. The validity of the
outage probability expression has been confirmed with numerical
simulations. We also present the asymptotic analysis of the PRS
scheme for the considered multiantenna system and derive the
expressions of diversity gain. It is shown that, the overall diversity
gain is min(min(n, 174, M 2M4), e 1Ms + 7y 27s) Where
Nng, Nd, and n. , are, respectively, the numbers of antennas
at the source, destination and the gth relay. For the condition
C : min(n, 1Ng, Ny 2Md) > Ny 17Ms + Ny 2725 that can be easily
met with practically realizable antenna configurations, it is shown
that PRS provides the same diversity order as opportunistic
relaying (OR).

Index Terms—Amplify-and-forward MIMO relay, beam-
forming, opportunistic relaying, outage probability, partial relay
selection.

I. INTRODUCTION

SER COOPERATION DIVERSITY, or cooperative di-

versity, [1], [2] has emerged as a promising technique to
improve spatial diversity gain in wireless networks. The key
phenomenon in cooperative communications is that a source
takes the help of user terminals that are in its coverage area to
relay its signal to the destination. Since the destination sees the
replicas (most likely independent copies) of the source signal,
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the diversity gain will be enhanced. Various relaying protocols
for cooperative communications such as amplify-and-forward
(AF), decode-and-forward (DF) [2], coded-cooperation [3], and
compress-and-forward [4] have been presented. Among them,
the AF scheme is attractive due to its simplicity, since the relay
simply forwards the signal and does not need to decode it. How-
ever, the application of more than one relay increases feedback
requirements and the overall implementation cost. Moreover, in
order to avoid mutual interference as well as to achieve full di-
versity and multiplexing gains, the beamformers or space-time
codes applied over the set of relays need to be jointly optimized.
Such optimization also requires strict time and phase synchro-
nization among the relay nodes. Towards this end, relay se-
lection has been recognized as an effective way to reduce sig-
naling overhead and complexity but keep intact the benefits of
multiuser relay cooperation. The basic idea in relay selection
is to select the best relay from a number of available relays,
according to some well defined criteria. The significant results
in the area of relay selection appeared in [5], where relay se-
lection schemes are based on instantaneous signal-to-noise ra-
tios (SNRs) of both source-relay and relay-destination links.
In the literature [6]-[10], several other relay selection methods
[also known as opportunistic relaying (OR)] have been pro-
posed, which mainly rely on instantaneous SNR of two-hop
links from the source to the destination.! Another common as-
pect of all of these works is that they have been limited to co-
operative systems where all nodes are equipped with a single
antenna.

It has been shown that (see [11] and the references therein)
the performance of cooperative relay systems can be further en-
hanced by accommodating multiple antennas at each node and
thus forming multiple-input multiple-output (MIMO) diversity
systems. The bounds on the diversity-multiplexing tradeoff for
cooperative MIMO relay systems have been analyzed in [12]
for different relay protocols. In [13], assuming Rayleigh fading,
the outage probability of the AF protocol is derived in a mul-
tihop MIMO relay network that employs transmit antenna se-
lection (TAS) and maximum ratio combining (MRC). However,
there have been very few works that extend the relay selection
protocols of [5], [6] to a multiantenna relay network. Recently,
the authors of [14] propose joint relay-and-antenna selection
schemes using TAS and extend the selection schemes of [S] and
[6] to a network with multiple multiantenna DF relays. The pro-
posed selection schemes of [14], however, require the destina-
tion to have the knowledge of instantaneous SNRs of all links
from the source to relays and from the relays to the destination.

Note that the two-hop SNR is composed of the SNRs of links from source
to the relay and from the relay to the destination.
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It is worthwhile to note that relay systems having perfect
global channel state information (CSI) and all multiantenna
nodes (source, destination and relays) have been investigated
in [15] and [16], from an optimization perspective rather than
from a performance analysis perspective. In [15], it is shown
that the joint optimization of source and relay precoders is a
nonconvex optimization problem in general, where suboptimal
solutions are obtained using an iterative approach. In [16], the
authors preselect a limited number of relays that have better
two-hop channel quality and employ semi-orthogonality among
either spatial eigenmodes or antenna pairs of the preselected
relays for jointly optimizing the source and relay precoder
matrices.

Due to various reasons, it is generally difficult to obtain
perfect global CSI. Collecting the global CSI at a central node
demands significant amount of traffic, particularly in a fast
time-varying environment and is undesirable for low-cost sys-
tems where bandwidth restrictions can be severe (e.g., ad hoc
and sensor networks) [17]. An alternative approach that does
not require global CSI at the central node or each relay node
was proposed in [18]. This scheme, known as partial relay
selection (PRS), selects the best relay according to the CSI of
only the channels from the source to relays and thus reduces
signaling overhead required for cooperation. In [18]—[21], the
performance of PRS scheme is analyzed for CSI-assisted and
fixed-gain AF relaying systems, respectively. However, all of
these works [18]-[21] assume that all nodes are equipped with
a single antenna. Recently, [22] studies diversity performance
of PRS method for a CSl-assisted AF relaying system that
consists of a single-antenna source, multiple single-antenna
relays, and a multiantenna destination.

In this paper, we investigate selection beamforming tech-
nique for a relay network, in which the source, destination, and
two AF relay nodes are all equipped with multiple antennas.
Linear processing schemes (i.e., beamforming and MIMO
relay precoding) are applied to the appropriate nodes, and the
source and the relays are considered to transmit with some
power constraints. Instead of assuming global CSI at one or
more nodes, we consider practical scenario of interest, in which
the nodes have instantaneous CSI of only local channels. In
particular, the source knows its channels to the relays, the
destination has the CSI of its channels with the relays, and each
relay knows its channels with the source and destination. Based
on this local CSI, the PRS scheme is employed, i.e., the relay
that gives better SNR in the first-hop link is selected. In this
case, the optimal source and destination beamformers, and the
relay precoders have the same simple closed-form solutions as
in the case of a two-hop relay system with no direct link from
the source to the destination [23]. Based on these solutions,
the exact outage probability at the destination node is derived
in closed-form for a Rayleigh fading environment. We also
derive an asymptotic expression of the outage probability for
determining the diversity order of the system.

To the best of our knowledge, performance analysis for
PRS with beamforming at all multiantenna nodes is a new
problem that has not been investigated and solved before.
The problem is interesting because the exact diversity order
of the PRS scheme for the considered system model is not
previously known. Moreover, the problem is challenging since
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the state-of-the-art technology [S5]-[10], [13], [14], [18]-[22]
used for the performance analysis of relay selection schemes
are either not applicable or not easily extendable for our
considered setup of multiantenna nodes with beamforming.
Note that the outage probability at the destination can be
readily expressed as the product of the outage probabilities
of individual source-relay-destination (two-hop) links when
OR is used (cf. Remark 4, Section IV). Consequently, in such
a case the final closed-form expression easily follows from
the outage probability expressions of the two-hop channels.
Similarly, with some simple steps, it can be shown that OR
achieves full diversity (cf. Remark 4, Section IV). However,
unlike in the case of OR, neither the exact outage probability
expression nor the exact diversity gain of the PRS scheme is
known. These facts have motivated us to study PRS instead of
OR. In particular, our objective is to answer the following two
key questions:

1) Knowing that the performance of PRS is inferior to that of
OR, how does the former’s performance degrade in terms
of the outage probability?

2) Can full diversity be ever achieved in PRS?

This paper provides analytical results to answer both questions.
With these discussions on the motivations, we are now ready to
summarize the main contributions of this paper as follows.

* We derive an exact closed-form expression for the outage
probability at the destination.

» The asymptotic analysis of the outage probability is pre-
sented to derive the diversity order.

* It is shown that the diversity order of PRS for the consid-
ered setup is given by

min (min(ny 104, e 2704, Fr, 1705 + 10 2705 )

where 7, and nq are the numbers of antennas at the source

and destination, respectively, and 7, , is the number of an-

tennas of the ¢th relay with ¢ = 1, 2.

 For the condition C : min(n, 174, iy 2nd) > Ne1ns +

nr2ns that can be easily met with practically realizable

antenna configurations, it is shown that PRS provides the

same diversity order as OR.
The main challenge in the performance analysis for the pro-
posed scheme originates from the statistical dependence of the
SNR at the destination and the decision criterion employed at
the source for routing.? In particular, the outage probability in
the proposed scenario include sum of the joint probabilities,
each consists of statistically dependent random events with two
or more continuous random variables. As a result, the deriva-
tion of the exact outage probability requires solving multidi-
mensional integrals that need rigorous analysis. Moreover, the
asymptotic analysis of the proposed scheme also needs to deal
with the joint probabilities of statistically dependent random
variables. According to our best source of knowledge, such a
problem has not been solved in the literature.

The rest of the paper is organized as follows. The system

model is described in Section II. The outage probability expres-
sions are derived in Section III, and the corresponding asymp-

2Throughout this paper, the term routing is regularly used for relay selection
since the decision to select the best relay is made at the source and based on the
SNRs of only the channels from the source to the relays.
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totic results are derived in Section I'V. In Section V, analytical
and simulation results are provided. Section VI concludes the
paper.

Notations: Upper (lower) boldface letters will be used for
matrices (vectors); (-)¥, f,(x), Pr{-},and E{ } denote Hermi-
tian transpose, probability density function (PDF) of a contin-
uous random variable «, the probability operator and the math-
ematical expectation, respectively. Pr{.A. B} denotes the joint
probability of the random events A and B, and C*** stands
for the space of M x M matrices with complex entries.

II. SYSTEM MODEL

We study a cooperative network where signal transmission
from the multiantenna source to the multiantenna destination
is supported by two multiantenna relay terminals. The block
diagram for this system is shown in Fig. 1. It is assumed that
all nodes share the same frequency band. The source and
destination have ns and ng antennas, respectively, whereas
the ¢th relay has n, , antennas where ¢ = 1, 2. The MIMO
channels between the source and relays are represented by
{H.,} 4=1 € €', whereas the channels between the re-

| € CMaXmra The
path attenuation factors associated with the channels {H;, q}

and {deq}qz1 are denoted by {\/m}q:1 and {\/m}qzl,
respectively. We assume a Rayleigh flat-fading environment
where the channels are also cons1dered to be spatially uncor-
related. Thus, the entries of {qu} ,—=1 and {qu}q L are
assumed to be independent, zero-mean circularly symmetric
complex Gaussian (ZMCSCG) random variables with unit
variance. We also assume that shadowing effect is negligible
in all the source-relay and relay-destination links, whereas the
direct link between the source and destination is neglected
due to higher path attenuation and possibly line-of-sight ob-
struction. We define the singular value decompositions (SVDs)
of Hy, and Hy, as Hy, 2 ZR"f ol ul (v;’.q)H

5;4 78,4
H,, = Zf:qf 75 U, (vgﬂ)H, respectively, for all ¢. Here,
o, and of . are the singular values in the descending order
(i.e., 0'3(]20'\(1 ->0q,}“andad >ad ~>c7d 9,
R, and R, o are the ranks of H, , and Hd s respectlvely,
and u; /v5 ¢ and uj /v] - are their respective left/right
singular vectors. After these descriptions on system model, in
the following subsection, we describe how the nodes acquire
CSI required for relay selection and beamforming.

lays and destination are denoted by { Hg q}

and
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A. CSI Acquisition and Transmission Protocol

CSI acquisition: Note that, in order to implement relay selec-
tion and beamforming, local CSI is required at each node, i.e.,
the source needs to obtain the CSI of all source-relay (S—R)
channels, the gth relay needs to obtain the CSI of the S—R, and
relay—destination (R,—D) channels, and the destination needs
to have the CSI of all R,—D links. For this purpose, all nodes
transmit their training signals sequentially so that their respec-
tive neighboring nodes can estimate the local CSI. Because we
assume that all the nodes share the same frequency band, CSI
estimated at each transmit node (e.g., source, relays) can be con-
sidered as the transmit CSI due to channel reciprocity. The esti-
mated CSI at all nodes are assumed to have negligible uncertain-
ties. This assumption is valid in a slowly time-varying channel
environment if the training signals are properly designed. After
the training phase completes, it is easy to see that the source has
necessary CSI to identify the relay that provides better first-hop
SNR. As will be described later (cf. Data Transmission Protocol
below), at the end of the training phase, the data transmission
phase starts in which the nodes perform beamforming.

It is worthwhile to mention that the training-based CSI
acquisition scheme employed in our system does not incur
major penalty in terms of spectral efficiency provided that the
channels are slowly time-varying, particularly when the SNR is
sufficiently high enough [24]. Moreover, it is reported in recent
experimental results [25] that there exists complexity and
performance tradeoff between training-based (also called the
reciprocity based method) and feedback-based CSI acquisition
methods, and thus, the performance of the former method is
comparable to the latter method.

Data Transmission Protocol: Each symbol transmission
is considered over two time slots. At the beginning of each
transmission (first time slot), based on the local CSI obtained
during the training phase, the source determines its route for
signal transmission. If the source finds that the S—R; channel
is stronger than the S—R> channel, the source broadcasts its
symbol by matching the beamformer w, € C"*! to the S—R,
link. Otherwise, the source matches its beamformer to the
S—R4 channel and broadcasts its symbol. In either case, the
source appends a flag-bit with the information symbol in order
to notify the selected relay its selection for transmitting the
source signal to the destination. The selected relay processes its
received signal with the optimized relay beamforming matrix
and transmits the resulting signal to the destination in the
second time slot. In this way, the destination receives signals
from one of the two relays, depending on the route selection
carried out by the source. The following remarks are in order.

Remark 1: With the aforementioned framework of CSI ac-
quisition, each node determines its beamformer locally after the
training phase. Thus, there is no exchange of additional feed-
back information between the neighboring nodes during the data
transmission phase, except the flag-bit that the source adds with
its data.

Remark 2: The aforementioned data transmission protocol
requires two time slots due to the assumption that the relays op-
erate in a half-duplex mode. However, if the relays can support
full-duplex transmission, e.g., if the cross interference between
the retransmit and the receive signals can be suppressed using
spatial nulling method [26], [27] or if the relay uses separate
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sets of directional antennas for transmission and reception [28],
the transmission protocol can consist of only one time slot. It is
important to emphasize that the statistical analysis of the con-
sidered protocol remains the same whether the relay is operating
in full-duplex or half-duplex mode.

Let g, be the index of the selected relay, where ¢, € {1, 2}.
The signal received by this relay can be given by

yrvqo \/ 5,40

where s is the random source signal having zero-mean and unit-
variance (i.e., E{s} = 0 and E{|s*)} = 1), w; € C"*1is
the source beamformer and /¢, is the distance-dependent
path loss for the channel between the selected relay and the
source. Moreover, in (1), n. 4, is the additive white Gaussian
noise (AWGN) vector whose entries are assumed to be zero-
mean with the variance O’,%r, ie, ne, ~ Ng(0, Uirlm,% )3
The selected relay processes the received signal (1) with the
linear operator Z,, € C"+e *"r.9> and sends the resulting signal
to the destination in the second time slot. Thus, the signal re-
ceived by the destination is given by

= /g, Hd 4,2y, (/0o g, Hs g, Wis + 1R g, ) + DD g,
(2)

where np ,, ~ N (0,02 In.,) represents the noise Vector at
the destination having ZMCSCG entries of variances o2 4> and
/Cd.q, is the distance-dependent path loss for the channel be-
tween the selected relay and the destination. The destination
uses receive beamformer wyq € C?*! to recover the source
signal s. To this end, the detected source symbol § can be ex-
pressed as

Cn,.,qoxl (1)

5,00 Wt T D g, €

Yd,q¢,

5 H
5 =WgVdg,- 3)
Substituting (1) and (2) into (3), and taking mathematical expec-
tation over independent realizations of signal s and noise com-
ponents, the SNR at the destination can be expressed as
w(I{Hd’qOZ H., wi|’

o .
—|—(7ndwd W4

Cs,q0Cd,q0
H
Wi Ha g, 2,

(20) —

gl 4)

2
Unr Cd#lo

o

With the help of (1), the instantaneous transmit power of the
¢oth relay can be given by

E{(ZqOYr,qo)H(ZqOYr,qo )} =500 1D go Hs g, Wt ||2+0721r Z.|°
®)
where the expectation is only taken with respect to signal and
noise realizations. Let Pr 4, and Pg be the maximum transmit
powers available at the ¢, th relay and source, respectively. The
optimal source and destination beamforming vectors w, and w4,
respectively, and the AF processing matrix Z,_ can be obtained
by solving the problem of maximizing the destination—SNR (4)
under the source power constraint |[w;||*> < Ps and the relay
power constraint ¢ g, [|Zg, He o We|[> + 02 ||Zg, ||* < Prog,-
It is well known that the optimal Z,,_, w; and wq are those for
which both the links from the source to the selected relay and
from the selected relay to the destination form MRC plus max-
imum-ratio transmitting system [23]. This means that w and wq
should be matched to the S—R,_ and R, —D channels, respec-
tively, and Z, should be matched to both the SR, and R, —D

3For notational convenience, the variance of relay noise is assumed to be the
same for all relay nodes.
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channels. Thus, the optimal Z,,_, w, and w4 have the following
structure [23]:

H
Zqo = \/E(Iov(lt%) (uiﬂ'lo) ’ \/—V

Wa = ué*f]o
(6)
where a,, > 0 and b > 0 are the scaling factors that control the
relay‘ and source powers, u(117 ™ / vi 4o and u} 7 /v;qo are the
left/right singular vectors corresponding to the largest singular
values of Hy , and H, 4, respectively. From (6), the rank-one
matrix Z,_ can be viewed as a product of receive and transmit
beamformers of the g,th relay. Substituting (6) into (4), and
solving for ¢ and b, the destination—SNR can be expressed as

,y(qr,v) —

8,90

Ps PR ¢, ¢d,9,C5,9, %d.q, %,q0
. 2 . 2 2 2
PRA,‘Ir»Cd:’loo.nrad:fln + PSCS;’]oo-ndOCSJIo =+ a-ndo-nr
A €d,q, ¥d,q, 95,9, ¥s,q,

(7

€d,go Md,go T P50, Us g0 T 1
where g, = (0] qo)2 and a4, = (o}, )? are the largest
eigenvalues ofHdH 2. Hd.q, andHH  Hs 4, ,respectively,eq 4, =

Cd, g4 Cg, qOPx

% and gs 4, = . Note that, in the above equation,
Cd,q, and gs,q, are the average SNRs of the Rq,—D and S Ry,
links, respectively. The PDFs of {cx q} a=1 and {o, q}

given by [29]

-1 arc

41,9 b2, Mg A — g X
RO D W N
g ,1 hig.mg by m
tg=1m,=by , a
as ¢ €24 n ,
raeda®
E § ngt+1® "~
fo‘d ,q djq,n Jq ! (8)

q.
Jg=1lng=c1 4

where the coefficients d;_ ., and d;, ., have been calcu-
lated for different MIMO antenna configurations (see [29,
Tables I-1V]), and for notational convenience, we have de-
A A
= Ny gl, b2,y =
— 262,42, 2 min(ng, neq), 1.4 = [nd — Mg
2j7. Note that, according to [29],

as g  C24

Z Z djq,nq =1 (9)

Je=1lng=c14

fined a; , minns, nr ), b14 2 s —
(ns + e g )iy

A .
and 2, = (na + My g)jg —
a1,y bag

Z Z diq,mq =1,
1g=1mg=by 4
Let v be the instantaneous SNR at the destination. The outage
probability at the destination is defined as
Pout = PI{’Y S ’Yth} (10)

where 7y, represents the quality of service (QoS) requirement
at the destination and is determined according to system specifi-
cations. According to the proposed data transmission protocol,
only one relay is active during the given two-time-slot period.
The destination observes 1) if relay g, = 1 is selected,
whereas the destination observes v if the relay ¢, = 2 is
selected. Mathematically, the index of the selected relay can be
ifas,lgs,l 2 s 2052

described as
1,
bo = {2~ ifas,lgs,l < s 2052

whereas the outage probability of (10) can be expressed as
Pout, = Pr{fy(qO) S Yth qo:l} PI’{qO = 1}

+ Pr {W") < 'Yth|q0:2} Pr{¢, = 2}

=Pr {W(q") <Vh: o = 1} +Pr{7(q0) Sy o= 2}' (12)

(11)
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Itis clear from (7) and (11) that the random events A (y(1) <
or ¥2 < ) and B (o = 1 or g = 2) are statistically
dependent. As a result, the computation of Pr{.A, B} in (12)
becomes difficult. In a special case where the source can act as
a global router with the availability of the instantaneous CSI of
all S—R4 and ‘R,—D channels, the outage probability reduces
to the product of the outage probabilities of the two-hop links.
In this case (i.e., the OR scheme), the routing at the source will
be based on the maximum of the SNRs of the links via relays.
However, in the present analysis, we consider practical scenario
where the source has CSI of only its local channels, i.e., the
source does not have the CSI of any of the R,—D channels.

III. PERFORMANCE ANALYSIS

In this section, we analytically characterize the criterion the
source employs for its route selection and derive the expression
for outage probability at the destination. Since the source node
has the instantaneous CSI of only its local channels, the source
chooses its beamformer based on the instantaneous SNRs of
channels from the source to relays. In particular, if the SNR
of the S—R; channel is greater than that of the S—Ro channel,
the source matches its beamformer to the S—R, channel, i.e.,

= V/Pgv!, is applied. If the SNR of the S—R channel
is greater than that of the S—R1 channel, the source uses the
beamformer wy = \/}_DSV;Q. The routing at the source is based
only on its local CSI and obviously, the knowledge of channels
from relays to the destination is not assumed. Substituting (7)
and (11) into (12) and after some simple steps, we can obtain

A
Pout - |:I =Pr {gs,l(ks,l(ed,lo‘d,l - ’Vrh) < Yth
x(ed1ea1 + 1), 051 2 dcas,Q}i|
A
+ [I] = Pr{gs 206 2(ed 200a,2 — ¥in) < Yth

x(edattae + 1), a0 > (]Tcas,l}i| (13)

where d.. andd. = . In order to derive the closed-form
expression for the outage probablhty (13), we have to determine
the joint probabilities I and I in (13). However, it is clear that
the derivations of closed-form expression for /I follow simi-
larly to that of I. In the following, we focus on the term I. Notice
that o 1, ts 2 and «yq ¢ are statistically independent continuous
random variables. As can be seen from (13), however, the events
that make the joint probability I of (13) are not independent. The
two events of I are dependent through the same random vari-
able « ;. Integrating over random variables ¢ 2 = d.cvg 2 and
ad,1, we can express I as

oo Yu(z)

" A
1= / / Pr {»Al = [gs10%.1(€4,12 — Yen)

0 0
< fYth(ed,lz + 1)] y O 1 > y}f&s,z (y)dyfad,l(z)dz (14)

where y,,(z) is the upper limit for i and it depends on z. It is
clear that, for 0 < z < 7‘1’ the event A is certain (i.e., the
probability of its occurrence is 1). In this case, Pr{A4;, as 1 >
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y} in (14) reduces to Pr{a.1 > y} and the upper limit for y
becomes independent of z. As a result, for 0 < z < 6’%, (14)
can be written as ’

Yth

/ /Pr{as,l > y} fikz (g)dyfadl(z)dz
0 0

Tih

Pr{ons 2 fuz) [ fog ()i
0

Jth

[11:25 =

(15

For the case _ /“‘ < 2 < 00,€eq,1% — Yen > 0, and thus, (14) can
be rewritten as
oo Yulz)
yin(ed 12+ 1)

Pr {Oés‘l S
T T geal(eanz — Yen)

y (g1 Zy}

X fao o W)y fo, ,(2)dz. (16)

In the remaining part of this section, we derive closed-form ex-
pressions for (15) and (16). To this end, (15) is expressed in
closed-form (see Appendix A) as

T(my + ma + 2)

; : milms!
11=1my=by 1 1a=1ma=b, >

(lig,mg dil,ml (ild/c)mﬁ'l
7;72711+1(m,1 +1)

7,1(]

19

<IL1 1, J1’Yth)
€d,1

where (-, ) is the lower incomplete Gamma function and
2F1() is the Gauss hypergeometric function [30]. With the
derivations of Appendix B, we can express (16) as

o FY <m1 + mo + 2,

a1 C2.1

DD~

ji=lni=ci1

amn

ar2  baz ain 2.1

NZm=2 D 2. >

to=1my=by s ia=1my1=by 1

Ty . q %
1 aoen ©1%th —af—
X{—Z—.e P [aey
0

g=0 q: Gs,1

i2Ytn l_’_P}/th—’—l 711"/th(gs,15)_1
dcgs;l z

Lz,”Lg 11 mi

M9

X'YL<”L2+17

_ _ my .
Z+ “Yth dz + ﬁ
€d,1 p!

R p=0

in ma+1 io —(m2+p+1)
g <a> (“*a)
7 o ' +1
% /’YL(/,IL2+p+1‘/<Z1+—2) ’y“ |:1+’yth :|)
. d(‘, gs,l Z
0

xf(i)LdZ} (18)

L2 —y—1
—1%, ](ga,lz g
Xe tl ) f‘ld,1<
€d,1
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As shown in Appendix C, the first integral of (18) can be ex-
pressed as

az;1  cz2,1 11+1

I3 =2my! Z Z

J1i=lni=ec11

{i Z (m) ( )%’E "(yen + 1)

rv=0w=
daj
92 2J1
€d,1

atb—u—g+1

o ni fe+q\ 5 _q d’?@d"l :
a po )T i
u+qg—>b CZle
X (FYth + 1) Ka+b—'u—q+l 2 P_ (19)
Cd,1

where K, (-,-) is the modified Bessel function of the second
kind [30] with order ». Using the derivations of Appendix D,
the second integral of (18) can be written as

_ J17th
11 1 e

e
n1 '6”1+1

wtw—g+1

652&1.1 ’
X <— KU+‘LU—(1+1
J1

my ni utyg o

DN

u=0a=0 =0

421 €21

7772+p z Z le’Ll

fi=1lmni=ci1

X{F (n1_|_1’ PYtth)
€4,1
c +ﬁ: Jl) N ni+lmetpny r
oo () SIS()

€d,1 r=0 s=0t=0

stt—rt1

Cl('Yt,h‘|'1)6d,1] 2

7l
} (20)

c1(vn+1)71
€d,1
where I'(+,-) is the upper incomplete Gamma function. After
substituting (19) and (20) into (18) and then using (17), the first
part of the outage probability (13) is obtained. The term I/ of
(13) can be obtained simply by interchanging gs 1 and gy » and
replacing eq 1 by eq,2 in (17) and (18)—(20).

Remark 3: The derived closed-form expressions for different
components of the overall outage probability appear to be long
and complicated due to multiple summation terms. However,
the upper limits for all the summation terms are finite and func-
tions of the numbers of antennas at the source, relay, and desti-
nation. In practical applications, the number of antennas is lim-
ited and, therefore, the burden for computing the closed-form
expressions is relatively low.

T

C El r—
G (ot ) [

XKoit—rt1 [2

A. Special Case Withn, =ny = ny 1 = npo = 1

For a network with single-antenna source, destination and re-
lays, the first term I of the overall outage probability of (13) can
be obtained by simply substituting ng = 1, = ny1 = ny2 =1
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into (17) and (18)—(20). Noting that all d;, .., and d;, », reduce
to dy o = 1 for this case, I of (13) can be expressed as

F=(1—,F (2,12 —d)d) 7. (1 %—h>
ed.1

x 2
_ef%h(ﬁ+%)2 AN 4ds
€d,1 Cd,1
o), ((de ) ((4de
€d,1 €d,1

T (1 Tih )
?edn
L A

X2((~31("Yth+1)>é[(1 (451(%11-1—1))% an

€d.1 €d.1

o _ ywhl{wet+l) 5 1 —
where dy= %, ¢ = ((I_l qsz) Yeho dz— é1(Yen +

1), and the Gauss hypergeometfic function o F4 (2, 1;2; —d..)
can be shown to be equal to (1 + d.) ! with the help of [30,

egs. (9.100), (1.112.1)]. Furthermore, noting that ~r, (1, :ﬁ) +
r (1, ]dt—‘l> =T'(1) = 1, we can simplify (21) to the following

(o)
- 1)
d0+1{ ¢ (

[

1 (v + 1))

€d,1

~ L
o L L iy 2
+e* /fl](‘(]q)1+€d’l+gs'2)2< dz)

€d,1

Interchanging g, 1 and g, 2 in (22) and replacing eq,1 by eq 2,
we can obtain the second term /1 of the outage probability (13)
for the case ny = 1, = 1y 1 = ny 2 = 1. Summing the resulting
expression with (22), using the definitions & = == 2, 52
edl - = edl and making the approximation that thh + 1~ v,
we can obtain the following result for outage probablhty

Pow =1 2e G0y, (68)F K, (4%211@[’) ~

- ~ 1 A 3
+e—2&+8)ven 2vin(2a8) 2 K (4%21126[5) : (23)

which is same as the outage probability expression derived in
[18, eq. (2)]. For g, » = 0, we find that (21) reduces to the
following form:

1
2

iore (@), () w22
€d;1 €d,1

which is the outage probability of the two-hop link corre-
sponding to the first relay when each node is equipped with a
single antenna. For the approximation ¢, +1 & v¢p, (24) is the
same as the outage probability expression derived in [31, eq.
(27)]. In (21), after replacing eq,1 by eq 2, and interchanging
gs.1 and g, 2, we can get the second term /7 of (13). In this

vl

(24)
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case, the resulting expression for g, 1 = 0, also reduces to the
similar form like that of (24) with g, ; and eq 1 replaced by g 2
and eq 2, respectively. Consequently, such expression gives
the outage probability of the two-hop link corresponding to
the second relay, where again all terminals are single-antenna
nodes.

IV. ASYMPTOTIC ANALYSIS

It is rather difficult to obtain the diversity order for the pro-
posed selection scheme from the outage probability expressions
derived in Section III. These expressions are derived from the
exact PDFs f, () and fo, () of (8). Notice that, for large
values of {eq q }o_; and {gs ,}7_,, the outage probability (also
the symbol error rate [32]) is dominated by the small values of
) and v [33]. This gives rise to the importance of exam-
ining the behaviors of f,, (=) and fo, () at small values of
. According to [33], as ¢ — 0, the asymptotlc behaviors of
fa.,(z) and f,, () can be characterized by [cf. [34] for the
use of similar asymptotic expression in a different application
with a MIMO relay]

g TTnie ™" &Y A
fﬂ’s.q(:[;) ~ alyqflk ° ghma=l 2 /"s,(lxluq’qil
' o (bsg T K)!
Hd,q kz?) ' ! id.q—1 A 1 g —1
Jog, (w) = o ahda ™0 = g g e Vg (25)
k:% ( dg T I‘)

where fisg = Nt g, fidg = NdTrg, tsq = max(ng, Nr q),
td.q = max(nd, 7zr7q), for ¢ = 1, 2. In order to obtain the asymp-
totic expression for I in (13), we apply the following upper
bound [35]:
€4,1%d,19s,10s.1
€4.10d,1 + gs, 101 + 1

€4,1d,19s,10s,1
€d,1¢d,1 + gs,10%s,1
< min(eq,1004,1, 9s,1¥%,1)  (26)

A

which is accurate for medium to high values of 41 and gs 1.
With the help of (26), I of (13) can be approximated for large
values of eq,1 and g 1 as

I~ [IC 2 pr {min(eq,106a,1, 9s,1%s,1)
< Vihy Gs,1 0,1 2> 95,2%,2}] 27)

The joint probability in the above equation consists of statisti-
cally dependent random events characterized by three random
variables. Computing such probability demands dealing with
multidimensional integrals. Our main objective of this part is to
obtain the closed-form expression of /. based on (25). The key
steps involved are rewriting (27) as the sum of two joint prob-
ability terms, transformation into multidimensional integration
problems, and solution by selecting appropriate integral limits.

In (27), we know that min(eq 14,1, gs,1%s1) = €d41aa.1 if
ed1%d1 < gs1as1 and min(eq 10 1: s 10%1) = gs 1051 if
€d4,1%d.1 > gs,10s,1. Thus, using the total law of probability and
Bayes’ theorem [36], (27) can be expressed as the following sum
of two probabilities:

Io=Pr{ed,104,1<%n. gs,105,1 > g5,2005.2, €d,100,1 < g5, 1051
+ Pr {gs,las,l < Yths Gs,1Fs 1 2> G522, G105 1

<eq1tant. (28)
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In Appendix E, we have proven that the first part of (28) can be
expressed as

Hd,1
(ER Ts,2Td,1Ts,1
Iy = — g Prigs10s1 > gono o} — ——=
Hd,1€q s 2
s 2tpd 1tps 1
x Wth Hs. 2 ltd 1 HMs1° (29)
(15,2 + s 1) (1.2 + pra1 + ps1) 955 € 951

As shown in Appendix F, the second part of (28) can be written
as

Hs,2 s, 1 g g
I 75,2711, Ts,2Td,17s,1
e2 = M2 fis,1
fhs, 2(/% 2+ fis, 1)95 2 Gs1 Hs.24d,1
ps 2tHpd, 1 s, 1
th
X a1 fs1® (30)

(/’L§2+Md1+ui1)g§2 edl gil

Finally, adding (29) and (30), (28) can be expressed as

Hd.1

T . P
Ie = - 173}; 1 Pr {(ys,l 2 gs,Zas,Z} + Ts. 2751
Hd, 1641 9s.1 ths2 (s 2 + fis1)

s 2tps 1 Ha2tpd 1t s 1
Vtn Ts,27d,17s I’Yth 31
P«szl’« Hs2 Hd, 1 Hs1 ( )
Gl psanaa (e + pe)gly e gl

The asymptotic expression for 77 of (13) can be derived using
the similar steps. For the completeness of this section, the ex-
pression I =5 1, is shown as

fd,2
Td.27 Js,1061 Ts,2"s,1
II, = %Pr (g2 > ikl + B2 5
Haz2eq s 9s.2 tos1 (s 2 + fis1)
Ms,2 s, 1 . Is,2tpd 2T s 1
X Yin _ Ts,27d,27s,1 Yih (32)
Hs.2 Hs1 Hs.2 Hd’l1<1'
o 91 Msaptaz(fsz +s1) 905 gy 901

Notice that the high SNR refers to the case when ¢q,, and
gs,q for ¢ = 1, 2 assume large values. Thus, without loss of
generality (w.l.o.g), considereq 1 = ¥, €42 = 17, gs,1 = 27,
gs,2 = V37, 1.e., the average SNRs of all links scale in pro-
portion to the average SNR of the R1—D link. It is easy to see
that the terms Pr {as 1 and Pr > 9;&
of (31) and (32), respectively, do not affect the diversity. Then,
after analyzing the negative powers of %4 in (31) and (32), we
find that the diversity order of the proposed selection scheme
is min(min(pq,1 2 Ty 170, fd 2 2 T 2Nd), fs1 + /1,5722
NsNy,1 + nsny 2). The following important observations can be
made from the above asymptotic analysis.

Remark 4: When perfect global CSl is available at the source,
i.e., when the ¢th relay also feeds back information on instanta-
neous R,—D channel to the source, OR can be implemented. In
such a case, the outage probability at the destination simplifies
to the product of the outage probabilities of the two-hop links
corresponding to the first and second relays. To illustrate this
fact, we first note that the proposed transmission protocol with
OR leads to the following outage probability at the destination:

PPt_P{

>gsza>‘ o
gs,1 5,2

€d,1d,19s,105,1
€d10d,1 + gs 1041 +

1 S Yth

€4,2(¢d,20s,20s 2
Sfyth
eq204,2 + gs 202 + 1
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2
:(a) PI‘{ €d,q%d,qJs,q%s,q < }
(};‘[1 equédq—ngqUésq—Fl_%h
=lgeo=0)(I1
2

~ @ H Pr{min(eq ¢@d,qs Js.0%.q) < Yen}
g=1

ge1=0)

2
= @ H(1 _Pr{ed,qad,q 2 FYth} Pr{gs,qn/s,q = PYth}) (33)

g=1

where («) follows from the fact that Pr{X,Y} =
Pr{X}Pr{Y} for statistically independent random events X
andY, I|, ,—o and IT|,  —o denote the values of probability
terms / and /7 of (13) for gs 2 = 0 and g5 1 = 0, respectively,
(b) is due to the application of (26) and (c) is due to the facts
that Pr{X < zp} = 1 — Pr{X > x5} and min(X,Y") > 1,
can be recast as the combined event (X > xg,Y > x¢). After
expanding (33) and using (25), we obtain
Hd g
Td, q'"YtJld _ )] . (34)
Hd,q€q, g

r s, g
H d, qurh Ts, q7t11 1
ut ~ -
/’s7qgs,q

ud7(16d q

Again, assuming eq,1 = v, 4,2 = Y17, Js,1 = V27, gs,2 = V37
w.l.o.g, it is straightforward to show that there are four
terms that dominate the asymptotic outage probability of
(34). These terms decrease with 7~ (#a,1H#a.2) 5= (a,1tis2)
g~ (pe1tma) gnd 4-(ke1tre2)  Consequently, the diversity
order of min(fea,1 + fra,2, (1,1 + fhs,2+ fhs,1 + fhd,2; fhs,1 F fhs,2)
is achieved, which is also the maximum diversity order of the
system.

Remark 5: We have shown that the diversity order of
the PRS scheme for the considered multiantenna setup is
min(min(rn, 174, 7e 27d ), T 1 + s 2), Which, in general,
is of course lower than the dlversny order min(ngan,1 +
nqNe 2, ANy 1 + nsnr,Qv77’5”1‘,1""”(1”1",2777’577/1',1 + ns”r,?) of
OR scheme. This means that for the general antenna configura-
tion, the PRS method does not achieve the maximum diversity
order. This is due to the fact that the selection is based on the as-
sumption that the source does not have any CSI of the channels
from relays to the destination. However, when the condition
C:min(n, 11q, Ny aMa) > ngny 1+ neny 2 18 satisfied, the PRS
scheme gives the same diversity order as that of OR scheme.
For m,1 = n, o, this implies that nq > 2n,. Such antenna
configurations may be typical in an uplink communication
system where the destination (base station) has more resources
and processing capability than a source (mobile station).

Remark 6: 1t is important to emphasize how our results can
be valuable for practical systems. Note that PRS incurs no loss
in diversity if the antenna configurations meet the condition C'.
This condition can be met with practically realizable antenna
configurations. To illustrate further, consider an example 75 =
Ny1 = N2 = 2 and nqg = 4. According to our results, PRS
and OR achieve the same diversity order of 8. Noting that PRS
does not require feedback (any type) of CSI of ‘R,—D channel
whereas the OR relies on this feedback, our results on diversity
confirm that the feedback information sent from the relays to
the source may not be useful to improve the diversity gain for
antenna configurations that meet the condition C'.
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A. Diversity Order for nqg = ny1 = iy 2 = ns = 1

The diversity order for this case can be determined easily
from the asymptotic analysis of (23). Note that, for small 2, we
know that K (7) ~ 1 ande * & 1 — 2. After recalling the def-
initions of & and [9 , we can notice that these parameters become
small for large values of {gs,q}j:1 and {ed,q}jzl, respectively.
Consequently, after applying the asymptotic approximations for
the functions K1 () and e~ ™, the asymptotic expression for (23)
can be given as

Pyt = vnd £ O ((2& i /E)m) +20 ((d + B)m) (35)

where O(y) stands for higher powers of . From (35), it can be
seen that the diversity order of the proposed selection method
forng = n,1 = n,2 = ny, = 1 remains 1. This result is in
agreement with that of [18] where all nodes are considered to
be equipped with only one antenna.

V. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we first provide Monte Carlo simulations to as-
sess the accuracy of the closed-form expressions for the outage
probabilities (13) which is calculated with the help of (17) and
(18)—(20). We also ascertain the analytically derived diversity
gains for different antenna configurations. In all examples, we

take Uﬁd = aﬁr = 02, Ps = Pr, = P,VYq and vary the
value of P while keeping 02 = 1. The average SNR is de-
fined as SN R = (T% For all results, we take v, = 3 dB (ex-

cept in Fig. 3 and 5 'where Yen varies), g1 = ¢q,2 = 0.98 and
¢s.1 = Cs,2 = 0.95. Note that this is purely by way of example,
and any other values could just have been used. The outage
probability results are obtained using Monte Carlo simulation
runs during which the elements of MIMO channels {H ;}2_,
and {Hq,}2_, change independently and randomly. The en-
tries of all MIMO channels are taken to be ZMCSCG random
variables with unit variance. The coefficients diqqu and (qu,nq
for different antenna configurations are directly taken from the
tables of [29].

The theoretical and simulated outage probabilities as a func-
tion of SAR are shown in Fig. 2 for different values of nq.
In this figure, we take 7.1 = n.» = ns = 2. In Fig. 3, the
outage probability is displayed as a function of the threshold
value «;, of the destination SNR for different nq while keeping
Nyl = nyp2 = ns = 2 and SN'R = 5 dB. In Fig. 4, analytical
and simulated outage probabilities are compared for different
values of n, whereas n,1 = n.» = 2, and nq = 6 are as-
sumed. Again, the outage probabilities are displayed as a func-
tion of SAR in this figure. In Fig. 5, theoretical and simulation
results for outage probability have been plotted as a function of
v¢n for different ng. We take n,1 = n,2 = 2, nq = 6, and
SA'R = 5dB in Fig. 5. As expected, in Fig. 2 and Fig. 4, the
outage probability decreases for all cases when SA'R increases
whereas in Fig. 3 and Fig. 5, the outage probability increases for
increasing QoS requirements. Figs. 2—5 also demonstrate that
there is a fine agreement between the theoretical and simulation
results which verifies the correctness of our proposed outage
probability analysis.

Note that in Figs. 2 and 4, we have also plotted the curves
proportional to SNR 4" where dy is an integer value that de-
notes the diversity gain. The fine matching between these curves



CHALISE et al.: LOCAL CSI BASED SELECTION BEAMFORMING FOR AMPLIFY-AND-FORWARD MIMO RELAY NETWORKS

|
=)

-
o

)
@

e
o

Outage probability

o Simulation, ng = 4
| — < SNR™ 8 ng=4
—— Theory, nqg = 3
¢ Simulation, ng =
_io]| = B = SNR™6,ny =3
[ Theory, ng = 2 :
* Simulation, nq = 2|:
---xSNR* =2 |

0 2 4 6 8 10 12 14 16

L
=

=
o

—_
o

Fig. 2. Analytical and simulated outage probabilities as a function of average
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Fig. 3. Analytical and simulated outage probabilities as a function of -,
(ne = N1 = Ny = 2).

and the theoretically obtained outage probability curves at high
values of SA'R confirms that the diversity gain results are in
accordance with our theoretically determined diversity order of
min(min(ne 114, Ne,2nq), My 17s + Np 275).

VI. CONCLUSION

We have investigated PRS method that performs physical
layer routing for a multiantenna cooperative network and an-
alyzed its outage performance. The proposed analysis is based
upon a setup that employs transmit and receive beamforming
techniques respectively at the source and destination, and re-
ceive plus transmit beamforming at the relay nodes. The exact
closed-form expression for the end-to-end outage probability
has been obtained for the PRS based routing scheme where all
the nodes only have their respective local CSI. The asymptotic
analysis of the outage probability is presented and expressions
for diversity gain have been derived. Despite the fact that the
PRS scheme does not assume instantaneous global CSI, it pro-
vides the same diversity order as the OR scheme for the case
where min(ny 174, ny 274) 2> Ny 1 + Ny 2. Consequently,
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for the antenna configurations that meet this condition, there is
no need to feed back any CSI of relay-destination channels to
the source for achieving the full diversity.

APPENDIX A
DERIVATION OF (17)

In (15), &5 2 = d.ovg2 whose PDF is simply obtained from

(8) as
. )
e ()

2 by . mao+1
: di- M 42 - —
2,2 ymge

io=1ma=by 2

fa..(y) =

=0
2 &=

. (36)

Applying the PDF of g ; from (8) into (15), and using the fol-

lowing expression [30, eq. (3.381.1)]:
/m”‘le‘”‘”(lx =" y(v, pu),v > 0
0

(37



2442

where y,(+, -) is the lower incomplete Gamma function, we can
write (15) as

@21 c2.1

N3 Pro 2 a3 S0 G
ji=lni=ci 1
XYL (7L1 +1, ]1%}1). (38)
€d 1

In the following, we complete the remaining task of deriving the
term Pr{a, 1 > &, »}. Noting that

Sl < }

Qs 2

where W is the ratio of two independent random variables o ;
and ¢ 2, the PDF of W can be given by

o

Jw(w) = / | Y oo (wy) fa, . (w)dy.

0

Pr{oe; > G2} =1—Pr {W 2 (39)

(40)

Substituting (8) and (36) into (40), and applying some straight-
forward derivations, we can obtain

mi+1

2, iy dj,l,vn,l(]lbm’ll
w=3 3 > 3
de"

lms
i =1 777’1:171,1 ’ig:lm,g:bLQ mq1.:Mmol

w™
. mi+ma+2 (41)
1w+ ;—‘)

xzm’HF(ml + mg + 2)

where we have used [30, eq. (3.381.4)]. With the help of (41),
we can write (39) as

Pri{c.1 > &2} =1— / fw (w)dw
0

ary b2 a2z b2

EP VD MD DD

1=l my=by 1 iz=Llmso=by 3

X dig,mg F(mfl + mo + 2)

dil,ml

mlms!

dml-l—l
1m1+1lmu+1
77L1+77L2+2 1 2
1
/ d. ml +mo+2 d (42)
0 1 + ade

Applying [30, eq. (3.194.1)] in (42), we get (42) in terms of the
Gauss hypergeometric function o F ( ) as

PI‘{O{SJ > 5(5 2}

a1 bzl ay.2 b)z

ll nyy
=1-> 2 2 X
m]_'mz
i1=1lm = blllo 1mo=by o
a1+l gy +1
(51 d(‘.l

X dio.mor my + mo + 2 _—
2,72 ( 1 2 )2727L1+1(7n1 + 1)

1.
X oF] (ml +mo+2,m1+1;m +2 71( ) . 43
i2

After substituting (43) into (38), we get the desired expression

(17).
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APPENDIX B
DERIVATION OF (18)

It is evident that the probability term in (16) is zero for y >
vhied 12+1 . on (ed 1 2+1 .
!]sftlh(idc.li;*”r’t.i) which leads to . (z) = g:il(idd,llsz?.) - Noting
that Pr{X < 21, X > w5} = Pr{X < &1} — Pr{X < a5}
for a positive random variable X and the positive constants z
and z» with z; > z2, (16) can be given by

‘ eq1% + 1
[I]?Qf“_' = / PI'{O[S,I < M}
“Tegn K 9531(6(1}12 — ’Yth)

fth
“d,1

Jth(ed,17+1)
9s5,1(ed, 12— 7th)

X / f&sl (7/)d7/ fudl(z)dz

~ v
-~

I

Yeh{ed,15—1)
00 9s,1(ed, 12— Yth)

|

X faq.(2)dz.

Pricg1 < y}fa. . (y)dy

)

I
(44)

Using the PDF of o 1 from (8) and applying (37), we can write

@11 ba 1

Loy y fam

11=1my=by

'Yth(ed 12+1

Pr {Oésyl <
Gs, I(Pd 12 — ’Yth

i17en(eanz + 1) ) (45)

XYL (7’77,1 + 13
95,1(6(1,12 - %h)
Using (36) and (37), and after some derivations, we obtain

ayr,2 ba 2

= >

da=1mo=by 2

L) N

mo!

iy (eqz+1
(mz-l—l 2ym(ed1241) )

’ dcgs;l(ed,lz - 'Yth)

(46)
In order to calculate /5, we first derive Pr{a, 1 < y} using the
PDF of « 1 in (8) and apply (37). Thus, we have

a1l ba

Pr{ias1<y}= Z Z

i1=1mi=by 1

Ll,ml

g —=y(m1+1,41y)

a11 b2 my

oYy Sl g

t1=1my1=by 1 p=0

where the second equality is obtained after utilizing the series
expansion for y.,(+,-) (see [30, eq. (8.352.1)]) and using (9).
With the help of (47), we can express I» as

95,1(6(1,1_1—711.) a1 ba 1 my [ )
Ll m1 1
I, = fdsz dJ 72 : Z Z
0 i1=1mi=by ; p=0
95,1(fd 17— tn)
% yPe Y fa L (y)dy. (48)

=]
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Substituting (36) into (48), and using (9), we obtain

I= Z Z d;i m)'YL (m2+1=

ta=1my=b; »

i9yin(ea,12+1) >
degs,1(ea, 1z — %n)

az2  bao a1 b2

(lL, g l1 mi ’1,1
YYY Y YS !

ma!p!
i2=1my=by 2 11=1m1=by 1 p=0 2P

7:2 mo+l 7-/2 —(matptl)
(7)) (i)

. 1 eq1z+1
X AL, (m2+p+1, (Z1+—2) M) . (49)
dc gs,l(ed,lz - '-Yth)

After computing the inner integrals I; and /5 of (44) and having
(45), we can proceed to compute the outer integral of (44) with
respect to the variable z. The computation of the latter integral
is rather involved. Using the alternative form of (45) (obtained
after [30, eq. (8.352.1)]), (46), (49), (9), and substituting z =
€d,1% — Tih, (44) can be given by (18).

APPENDIX C
DERIVATION OF (19)

Applying the series expansion of lower incomplete Gamma
function [30, eq. (8.352.1) ] in (18), its first integral can be ex-
pressed as

¢
’*1 . 5+FYh
2‘/ Z+’Yth+1) fad,l ( ! )
0

ms

1
X ——dz — mole™h Z | / Z4+vyn+1 q+“
€d,1 u—0 u:
o X 1
< qu*qe*dzz fozd . (Z + Vit ) iz (50)
' €d,1 €d,1
where for brevity we have used the following notations:
A 12%h PR i1 %en (yen + 1)
1= ) 2=
gs,ld gb
~ 1
dy 2 ( i+ ) M (51
dc Is1
Using the PDF of «q; from (8), we have
= a2,1 €21 .ng+1 i -
Z + Yt n J —dl%th
o () cr = 20 D el
€d,1 Cd,1 1
Ji=1lni=c1, 1
g
x(z +"Yth)nl T (52)

Applying (52) and using the binomial expansion [30, eq.
(1.111)], the first integral of (50) yields

a2,1

C2,1 ] 1 mny n
! 117”1 1 7‘]1th 1 "1 g —v
Ar=mo! Z > m+1 p ) Tth

|
Ji=lni=ci1 771(’ v=0

q °“
q —w | svtw—q, —dez "t —jizeTt S
% 1) Futw—g,—d2 Nnzeq 1 dz
> D)o+
0

w=0

(33)
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where the integral can be evaluated as [30, eq. (3.471.9)]
J1
0
jrd
XKyt 2\/"1 21, (54
€d,1

Using (52), we get the second integral of (50) as

mo @21 €2,1

= mayle @ Z di Z Z

= O ji=lni=ci
o0
0
N

_ J17%th

J1 7l1J1 DIl T e
ny 'e"'H

doz ' —gizert S_
(Z+ yn + DTz + ) e 127 1%z,

-~

I¢
(55)

Again applying the binomial expansion [30, eq. (1.111)] and the
result (54), we have

ny utgq
'LL+q ] —a U —
e =233 () (" i

a=0b=0
a—b—u—gt1

dae ’
X (2—(L1) Ka—‘,—b—u—q-‘,—l 2
J1

This completes the derivation of (19).

j1d
Jidz2 (56)
e

APPENDIX D
DERIVATION OF (20)

Using [30, eq. (8.352.3)], applying (52) and after some
derivations, we can write the second integral of (18) as

C2 1 .
+1 _ J1%h
P

ma—+p r

> 3
!

o0

size L _ -
/@+%wwlwww—eu
0 r=0

X [ 2724+ vn) " (Z+yn +1)"

O\.S

X cq(%h'i-l)z_ljlze;,lldz} oD

where ¢; 2 (Ll ny ) e Applying [30, eq. (3.382.4)], we
get the first integral of (57)
YenJ1 >
ea1 )’

i1\ Y
I; = (—) ¢c a1 (n +1,
€d,1

(58)
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Using the binomial expansion (eq. (1.111) of [30]) and after
some steps, we get the second integral of (57) as

- n ny—s - T r—
Ig = Z ( 51>'7thl Z (f) (vew +1)7"

s=0 +=0

00
O
></ ZSthfv’e*Cl(%h"rl)Z 17]126(1,1d5 (59)
0

where the integral can be evaluated with the help of (54). Thus,
after substituting (59) and (58) into (57), we obtain (20).

APPENDIX E
DERIVATION OF (29)

. . . A . A
For notational simplicity, we define & = eq104q,1, G2 =
. A .
gs.10s1 and &y = gs 20, 2. The first part of I in (28) can be
expressed in terms of double integration as
Yu Zu

-]

Pr{as >y, b2 > 2,2 < v} fa, (2)dz fa, (y)dy

(60)
where y,, and z, are the upper limits for y and z, respectively.
It is obvious from (60) that Pr{ds > y,d2 > 2,2 < v}
reduces to Pr{c&s > y,&s > z} when the condition z < 7y,
is fulfilled, for which z, = . However, y, can go to infinity.
The resulting integral in (60) can be separated into two parts,
for 0 < y < yen and v <y < 00. For 0 <y < yep, (60) can
be expressed as

Tth  Yth

y=0 —
y=0 2=0

Pritn 2y, &2 > 2} fa, (2)dzfa, (y)dy.

(61)

We know that Pr{d&s > y,d&s > z} in (61) can take the fol-
lowing values:

I A > >z A > Py

Pr{ds > y, b2 > 2} = {PI{QQ 2z} forz 2y

Pr{ds >y} forz <uy. (62)

With the help of (62), (61) can be expressed as
Yth  Yth
/ Pr{ds > 2} fa,(2)dz fa, (v)dy

y=0z2=y

[Ie,l

];:o =

Yth Yth

[ [ prie > wha gy )

220 y':z
which after simple steps can be rewritten as

[Lo1] ", =2Pr{d1 <~ven }Pr{do <vin}

y=0

’)’t}- 'Yt‘h

- /PI'{&l}fao(’y)dy*/PI'{doﬁz}f@l(Z)dZ
0 0
‘/t}- ')’t‘h

—/ /Pr{&zSZ}fal(Z)deao(y)dy
y=0z2=y
W’tih "y’t.h

- / /Pr{&zSy}fal(Z)deao(y)dy- (64)

Z‘:O Y=z
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Applying (25) into (64), and after some lengthy but straightfor-
ward derivations, (64) can be expressed as

Ma,2 T, 1
[I ]'Yth _TstTdvllyth
elly=0 = “pa1 2

€41 Is,2 Hs2/d1

. . . fhs, 2 1ea, 1+ s 1
Ts,27d,17s,1 Vin ‘

Hd,1  fs,2 Hs.1
€41 Js,2° Is1 ths,1(ths 2 + e, 1 + fhs1)

]
X + —.
Hs 2 Hd,1

Since zy, = Y, for vin < y < 00, Pr{ds > y. &2 > 2} =
Pr{&s > y}, and thus (60) can be expressed as

(65)

OoC  Vth

Ll = [ [ Prlde > e )sa Wi 60

y=7h 2=0

which can be re-expressed as

[Ie71];o:%h = —Pr{do < v }Pr{é1 < vn} +Pr{d1 < 1n}
x| 1= / Prids <y} fa,(y)dy (67)
Y="%th
Using the following relations:
gt o0
/ Prids < y}fa, (y)dy + / Pr{ds < y}fa,(y)dy
y=0 Y="th
= PI‘{(AMQ S (34(]} =1- PI’{&Q Z (34()}, (68)

(68) can be rewritten as
]OO

v, = — Pr{do <mu}pPr{dr <yu} +Pr{id < v}

x Pr{az > éo} + Pri{a; <y}
Tth
X / Pri{ds < y}fa,(y)dy.
y=0

[Ie,l

(69)

Substituting (25) into (69) and after some steps, we obtain

ye e s, 2+ ibd, 1 ” fa,1
[I ]30 . rs,27d,1%h Td.1V¢h
elly—gy — fsz Hid1 B
Y= Ms20d19s 2" €q 1 Hdeq
Ts,27d,17s,1

X Pr{as > ao}t +
{ ) fa s 1 (s, + fhs,1)
Ps2tpd 1t s 1

) Jeh (70)

Hs,2 fd,1 Hs, 1
95,2 6d,l gs,l

Summing (65) and (70), we obtain (29).

APPENDIX F
DERIVATION OF (30)

The second part of I, in (28) can be expressed in terms of
double integration as

Yu 2y

Ie,2=//Pr{(342 <Vins G2 2y, G2 S 2} fa, (2)dz fa, (y)dy.

00
(71)
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In(71), itis clear that z, = oc. We rewrite the integral of (71) as
the sum of two integrals where 0 < z < 7, and yy, < 2 < 0.
Thus, we have

Yu Tih

Pr{ds < wn, b2 >y, G2 < 2}

X far (2)d2 Lo (y)dy

Yu [e's]
+ / / Pr{ds < vin, &2 > y, 42 < z}

y=02="n

X fa, (2)dz fa, (y)dy. (72)

) . = A R . N
Itis not difficult to show that Py = Pr{ds < vy, a0 > y, Ge <
z} can be expressed as

< {Pr{&z >y.6o <z} forz <y
P =

Pr{ds > y. o < yn} forz 2> v, (73)

Also, note that Pr{é&s < z,42 > y} is nonzero for y < z.
Hence, using (73), (72) can be rewritten as

Yth 2

Lo= / / (Pr{ds < 2}=Pr{as <y}) fa, (2)dzfau (9)dy
z=0y=0
”/'t‘h o
+ / / Pr{ds < v 2 > g} S (2)dz fan (9)dy.
H;OZ:'W’tln

(74)

Now, with the help of (25) and after some derivations, the first
and second integrals of (74) can be expressed as

[Ie 2]7“,0 — T5,27d,175,1
A= H‘S,Z(Ms,z + Ms,l)
s 2Fpba 1+ s 1
th
X (75)
Hs,2 Hd, 1 phs L
(fts,2 + fa,1 + 151905 €471 g1
Hs 2+ Hs 1
T 00 7s,27s,1Yth Ts,27d,1
[ 072] 1

= o (s + )90 0k pai(pes + s)

ts,2Fpd, 1 s, 1
Ts.1Vih

Hs,2 Hd, 1 Hs1 "
/1’5729572 edvl -qs,l

After adding (75) and (76), we get the expression (30).

(76)
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